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Abstract
The orthoscheme complex of a graded poset is a metrization of its order complex
such that the simplex of each maximal chain is isometric to the Euclidean simplex
of vertices 0, e1, e1 + e2, . . . , e1 + e2 + · · · + en. This notion was introduced by
Brady and McCammond in geometric group theory, and has applications in discrete
optimization and submodularity theory. We address a question of what posets to
yield the orthoscheme complex having CAT(0) property. The orthoscheme complex
of a modular lattice is shown to be CAT(0), and it is conjectured that this is the case
for a modular semilattice. In this paper, we prove this conjecture affirmatively. This
result implies that a larger class of weakly modular graphs yields CAT(0) complexes.
Keywords: Modular semilattice, CAT(0) space, orthoscheme complex
1 Introduction
The orthoscheme complex K(P) of a graded poset P is a metrization of the order complex
of P such that the simplex of each maximal chain is isometric to the Euclidean simplex
of vertices
0, e1, e1 + e2, e1 + e2 + e3, · · · , e1 + e2 + · · ·+ en, (1.1)
where ei is the i-th unit vector in R
n and n is the length of the chain. See Figure 1
for the construction. This concept was introduced by Brady and McCammond [9] in
geometric group theory. A central interest of the orthoscheme complex lies on the
interplay between combinatorial properties of P and metric properties of K(P). We
are particularly interested in the situations where K(P) becomes a nonpositively curved
metric space, i.e., CAT(0) space. Here a CAT(0) space is a geodesic metric space in
which every geodesic triangle is not thicker than the corresponding triangle in Euclidean
plane; see [10] for the precise definition. In [9], Brady and McCammond made a beautiful
conjecture saying that if P is the noncrossing partition lattice, then K(P) is CAT(0). If
this conjecture is true, then any braid group is a CAT(0) group, which is a longstanding
conjecture in group theory. See Haettel, Kielak, and Schwer [15] for the current best
result on this direction.
Apart from such group-theory motivation, it is interesting to investigate which poset
P has CAT(0) orthoscheme complex K(P). If P is a Boolean lattice, then K(P) is
isometric to a Euclidean cube [0, 1]n and hence is CAT(0). This fact is naturally gen-
eralized to distributive lattices: If P is a distributive lattice, then K(P) is isometric
to the order polytope (of the subposet of join-irreducibles in P), and hence is CAT(0).
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Figure 1: Orthoscheme complex
Brady and McCammond [10] conjectured that this CAT(0) property holds for modu-
lar lattices. Haettel, Kielak, and Schwer [15] proved this conjecture for complemented
modular lattices. Then Chalopin et al. [12] proved the general case.
Theorem 1.1 ([12]). If L is a modular lattice of finite rank, then K(L) is CAT(0).
Chalopin et al. [12] further studied the orthoscheme complexes of (meet-)semilattices.
They proved that the orthoscheme complex of a median semilattice, a semilattice ana-
logue of a distributive lattice, is CAT(0), and conjectured the CAT(0) property for
modular semilattices [12, Conjecture 7.3]; see also [7, Problem 6.10]. The main result in
this paper affirmatively solves this conjecture.
Theorem 1.2. If L is a modular semilattice of finite rank, then K(L) is CAT(0).
This theorem can be used to show the CAT(0) property for a larger class of or-
thoscheme complexes related to weakly modular graphs. This was a motivation of [12]
to consider modular semilattices. A weakly modular graph G is a connected undirected
graph satisfying the triangle condition (TC) and quadrangle condition (QC):
(TC) For vertices x, y, z with d(x, y) = 1 and d(x, z) = d(y, z) = k > 0, there is a vertex
v with d(x, v) = d(y, v) = 1 and d(v, z) = k − 1.
(QC) For vertices u, x, y, z with d(u, x) = d(u, y) = 1 = d(x, y)−1 and d(x, z) = d(y, z) =
d(u, z)−1 = k > 0, there is a vertex v with d(x, v) = d(y, v) = 1 and d(v, z) = k−1.
Here d denotes the shortest path metric of G. A sweakly modular graph, swm-graph
for short, is a weakly modular graph such that there is no induced K−4 -subgraph and
no isometric K−3,3-subgraph, where K
−
4 and K
−
3,3 are the graphs obtained from K4 and
K3,3, respectively, by removing one edge. It turned out in [12, Chapters 6–8] that swm-
graphs constitute a particularly nice subclass of weakly modular graphs and have rich
connections to nonpositively curved spaces. Examples of swm-graphs include median
graphs, the covering graphs of modular (semi)lattices, dual polar graphs, and a certain
subgraph of the 1-skeleton of a Euclidean building of type C. A recent work [21] shows
that Euclidean buildings of type A can also be characterized by certain modular lattices
and hence swm-graphs. All these examples are connected to CAT(0) spaces: A median
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graph is precisely the 1-skeleton of a CAT(0) cubical complex [11]. Also it is well-known
that a Euclidean building canonically admits a CAT(0) metric.
Chalopin et al.[12] presented a general construction of a metrized simplicial complex
K(G) from any swm-graph G, which generalizes the construction of the CAT(0) cubical
complex from a median graph and explains the recovery of a Euclidean building of
type A/C from its graph. The construction of K(G) is briefly explained as follows. A
Boolean-gated set of an swm-graph G is a nonempty vertex subset X having the following
properties:
• For any distinct vertices x, y ∈ X, any common neighbor of x, y belongs to X.
• For any x, y ∈ X with d(x, y) = 2, there are common neighbors u, v of x, y with
d(u, v) = 2.
The family of all Boolean-gated set forms a graded poset in terms of the reverse inclusion
order, where singletons are maximal elements, and the maximum length of a chain is
called the cube-dimension of G. Then one can consider the orthoscheme complex K(G)
of this poset. Chalopin et al. [12] conjectured that K(G) is CAT(0) (provided G has a
finite cube-dimension), which is one of the main conjectures of that paper.
The above Theorem 1.2 implies this conjecture. Indeed, each point in K(G) has a
convex neighborhood isometric to the orthoscheme complex of some modular semilattice;
see [12, Proposition 8.3]. Thus, by Theorem 1.2, K(G) is locally CAT(0). Also it is shown
[12, Theorem 8.1(iii)] that K(G) is a contractible complex. By the Cartan-Hadamard
theorem [10, Chapter II.4], K(G) is (globally) CAT(0):
Corollary 1.3. If G is an swm-graph of finite cube-dimension, then K(G) is CAT(0).
Related work. Although the main source of this paper is [12], our primary motivation
and proof idea of Theorem 1.2 come from recent developments in algorithmic theory on
CAT(0) spaces. One of the starting points is the space of phylogenetic trees (also called
the BHV tree space) due to Billera, Holmes, and Vogtmann [3], which parametrizes all
weighted trees having a given set (taxa) as leaves. This space is a (non-convex) poly-
hedral region obtained by gluing nonnegative orthants in Euclidean space, and admits
a natural length metric. They showed that the BHV tree space is CAT(0). By the
unique geodesic property of CAT(0) spaces, a geodesic between two phylogenetic trees
is uniquely determined, which will be a useful comparison tool for phylogenetic trees.
This gives rise to a natural computational problem to find the unique geodesic and to
determine its complexity. A wonderful solution was given by Owen [25] and Owen and
Provan [26]: The former paper established an explicit formula of tree-space geodesics,
and, based on it, the latter paper gave a polynomial time algorithm to find the geodesics.
Subsequently, Miller, Owen, and Provan [24] generalized these results to CAT(0) orthant
spaces, which are CAT(0) spaces obtained by gluing nonnegative orthants in Euclidean
space.
Abram and Ghrist [1] formulated the state space of a robot as a (locally) CAT(0)
cubical complex, in which an optimal motion plan between two states is obtained by a
geodesic in this space. Motivated by this application, Ardila, Owen, and Sullivant [2]
studied the geodesic problem in general CAT(0) cubical complexes, and developed a
compact representation of CAT(0) cubical complexes and an algorithm to find geodesics.
However this algorithm is not guaranteed to be polynomial. For the challenge of a
polynomial time algorithm, Hayashi [17] gave a satisfactory solution by developing a
simple polynomial time algorithm to find a “near” geodesic with accuracy parameter
 > 0, where log −1 is a part of the input.
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Theory of convex optimization on CAT(0) spaces is a new emerging field, in which
several Euclidean optimization algorithms have been being extended [6]; see also [7]. The
construction L ↪→ K(L) gives rise to a continuous relaxation, analogous to Zn ↪→ Rn, of
a discrete optimization problem on L. By using Theorem 1.1, Hirai [20] showed that any
submodular function [13] on a modular lattice L can be extended to a convex function on
the CAT(0) space K(L). Hamada and Hirai [16] applied this result to a certain discrete
optimization problem on a modular lattice L of all vector subspaces, and developed a
polynomial time algorithm via a continuous optimization method for the CAT(0) space
relaxation K(L). In [18, 20], modular semilattices, swm-graphs and related structures
deserve the underlying spaces of discrete convex functions, which have played important
roles to design efficient polynomial time algorithms to some classes of combinatorial
optimization problems; see also [19].
Outline. We outline the proof of Theorem 1.2 and the structure of this paper. In gen-
eral, proving the CAT(0) property is not easy; we are currently in the position of seeking
proof techniques that are applicable to combinatorially-defined geodesic metric spaces.
One successful tool is Gromov’s combinatorial characterization of CAT(0) cubical com-
plexes. Indeed the CAT(0) property of the BHV tree space is an immediate consequence
of this characterization. Gromov’s characterization can be proved by verifying the link
condition of the link complex of each vertex; see the proof of [10, Theorem 5.18]. Our
first attempt for proving Theorem 1.2 was to adapt this argument. However we could
not succeed. Instead, we show the unique geodesic property of K(L). This is another
equivalent condition of the CAT(0) property for a class of complexes [10, Theorem 5.4],
which includes our complexes. In fact, the unique geodesic property of the BHV tree
space can directly be proved, without knowing the CAT(0) property, from the formula
of geodesics. The orthoscheme complexes of modular semilattices can realize BHV tree
spaces as well as CAT(0) orthant spaces. The central of our proof is to extend Owen’s
geodesic formula to K(L). We construct various nonexpansive retractions in K(L) in
lattice-theoretic ways, and show that any geodesic between two points x, y ∈ K(L) be-
longs to a certain subcomplex of K(L) determined by x, y. This subcomplex is a variant
(a median orthoscheme complex) of CAT(0) orthant spaces. By extending Owen’s for-
mula, we show that there uniquely exists a geodesic in this subcomplex, which establishes
the unique geodesic property.
This paper is organized as follows. In Section 2, we introduce necessary backgrounds
on geodesic metric spaces (Section 2.1) and formally introduce orthoscheme complexes
(Section 2.3). In Section 2.2 we explain Owen’s geodesic formula with a new perspective,
and outline how to prove the unique geodesic property from this formula, which is the
underlying proof idea of Theorem 1.2. In Section 2.4, we extended this result for a
median orthoscheme complex, which is the orthoscheme complex of a median semilattice.
In Section 3, we study the orthoscheme complex of a modular semilattice and prove
Theorem 1.2, where a detailed proof outline is given in the beginning of the section. Our
proof is constructive, and sheds an insight on the geodesic problem from an algorithmic
point of view (Remarks 2.16 and 3.14).
The extended abstract of this paper will appear in the proceedings of the 11th
Hungarian-Japanese Symposium on Discrete Mathematics and Its Applications (May
27–30, 2019). Corollary 1.3 was announced at Geometry Seminar in University of Wro-
claw at September 3, 2015.
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2 Preliminaries
Let R denote the set of real numbers. For a function x : S → R, the nonzero support of
x is defined by
suppx := {v ∈ S | x(v) 6= 0}.
For a set S and a subset R ⊆ R, let RS denote the set of all functions x : S → R such
that its nonzero support suppx is finite. An element x of RS is written as a formal sum
x =
∑
v∈S
xvv,
where x(v) = xv for v ∈ S. For a subset S′ ⊆ S, the restriction of x ∈ RS to S′ is
denoted by x|S′ . Any element x ∈ RS′ is naturally regarded as x ∈ RS by x(v) := 0 for
v ∈ S \ S′. In particular, RS′ ⊆ RS .
2.1 Geodesic metric space
Let K be a metric space with distance function d = dK . A path P is a continuous
function from [0, 1] to K. If P (0) = x and P (1) = y, then we say that P connects x and
y or P is an (x, y)-path. If the image of P belongs to a subset K ′ of K, then we simply
say that P belongs to K ′. The length d(P ) of a path P is defined by
sup
N∑
i=1
d(P (ti−1), P (ti)), (2.1)
where the supremum is taken over allN > 0 and 0 = t0 < t1 < · · · < tN = 1. It is obvious
that d(x, y) ≤ d(P ) for any (x, y)-path P . A metric space K is called geodesic if for every
x, y ∈ K there is an (x, y)-path P with d(P ) = d(x, y); such a path P is called shortest.
A geodesic between x and y is a shortest (x, y)-path P proportionally parametrized by
its length. Namely, a geodesic is a path P satisfying |s− t|d(P (0), P (1)) = d(P (s), P (t))
for s, t ∈ [0, 1]. For a subset K ′ of a geodesic metric space K, the metric dK′ of K ′ is
defined by the infimum of the length of a path connecting two points in K ′, where the
length is measured in the metric dK on K as in (2.1). The resulting metric space K
′ is
said to be a subspace of K. By definition, dK′(x, y) ≥ dK(x, y) holds for all x, y ∈ K ′.
A subspace K ′ is said to be convex if dK′(x, y) = dK(x, y) holds for all x, y ∈ K ′. In
addition, K ′ is called strictly-convex if for every x, y ∈ K ′ every shortest (x, y)-path
belongs to K ′. A (continuous) map φ : K → M for metric spaces K,M is said to be
nonexpansive if dM (φ(x), φ(y)) ≤ dK(x, y) for all x, y ∈ K. In this paper, we will often
face a nonexpansive retraction φ : K → K, i.e., φ is the identity on φ(K). In this case,
the retract φ(K) is a convex subspace of K.
We next introduce a CAT(0) space. We only give the following simpler definition,
which is not used later. A geodesic metric space K is said to be CAT(0) if for every
point x ∈ K and every geodesic P , the function t 7→ d(x, P (t))2 is 1-strongly convex,
i.e.,
d(x, P (t))2 ≤ (1− t)d(x, P (0))2 + td(x, P (1))2 − t(1− t)d(P (0), P (1))2. (2.2)
A CAT(0) space is uniquely geodesic in the sense that for every pair of points there exists
a unique geodesic connecting them. This property characterizes the CAT(0) property
for a larger class of geodesic metric spaces. An M0-polyhedral complex is a metric space
obtained by gluing convex polytopes in Euclidean space along their common isometric
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faces. The precise definition is given in [10, Chapter I.7]. It is known [10, Theorem 7.19]
that an M0-polyhedral complex is a complete geodesic metric space if it is constructed
from a family of convex polytopes in which there are finitely many isometry classes in
the family.
Lemma 2.1 ([10, Theorem 5.4]). Let K be an M0-polyhedral complex with finite isometry
types of cells. Then K is CAT(0) if and only if K is uniquely geodesic.
In this paper we only deal with M0-polyhedral complexes K with finite isometry
types of simplices. The above characterization is applicable. Hence, instead of (2.2),
we mainly concern the unique geodesic property. From a general result [10, Corollary
7.29], each geodesic in K is polygonal in the sense that it meets a finite number of
simplices. Therefore we can assume that a path in K is polygonal if necessary. To
show that K ′ ⊆ K is strictly-convex, it suffices to construct a nonexpansive retraction
φ to K ′ such that dK(φ(P )) < dK(P ) holds for any polygonal path P connecting any
x, y ∈ K ′ and not belonging to K ′. Such a φ is particularly called a strictly-nonexpansive
retraction.
We present one simple and useful lemma for proving the unique geodesic property.
For two (geodesic) metric spaces M,N , the product M ×N is a (geodesic) metric space,
where the distance function dM×N is defined by
dM×N ((x, y), (x′, y′))2 = dM (x, x′)2 + dN (y, y′)2.
For paths P in M and Q in N , the product (P,Q) of P,Q is the path in M ×N defined
by (P,Q)(t) := (P (t), Q(t)) (t ∈ [0, 1]). Note that (the image of) (P,Q) depends on the
parameterizations of P,Q.
Lemma 2.2. Let M,N be metric spaces, and K a subspace of M ×N . Let P = (Q,R)
be a path in K. Then it holds
dK(P )
2 ≥ dM (Q)2 + dN (R)2. (2.3)
If Q and R are (unique) geodesics in M and in N , respectively, then the equality holds
in (2.3) and P is a (unique) geodesic in K.
Proof. The latter statement follows from a general property [10, Proposition 5.3 (3)]
that (Q,R) is a geodesic in M × N if and only if Q and R are geodesics in M and in
N , respectively. We show the inequality (2.3). Consider subdivision 0 = t0 < t1 < · · · <
tm = 1 of [0, 1]. Define points γk := (
∑k
i=1 dM (Q(ti−1), Q(ti)),
∑k
i=1 dN (R(ti−1), R(ti)))
in R2 for k = 0, 1, 2, . . . ,m. Consider the polygonal path γ in R2 obtained by connecting
these points γk by segments [γk−1, γk]. The length dR2(γ) of the path γ measured in
Euclidean plane R2 is equal to
∑m
i=1 dM×N (P (ti−1), P (ti))(≤ dK(P )). By choosing a
sufficiently fine subdivision of [0, 1], the end point γm = γ(1) is arbitrarily close to
(dM (Q), dN (R)). Namely, for arbitrary  > 0, we can choose a subdivision of [0, 1]
such that ‖γ(1) − γ(0)‖2 ≥ dM (Q)2 + dN (R)2 − . Thus we have dK(P )2 ≥ dR2(γ)2 ≥
‖γ(1)− γ(0)‖2 ≥ dM (Q)2 + dN (R)2 − . Since  > 0 was arbitrary, we have (2.3).
We will use this lemma in the following way: Given geodesics Q and R (that are
easily obtained), if their product (Q,R) belongs to K (luckily), then (Q,R) is a geodesic
in K.
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2.2 CAT(0) rooted cubical complex
A cubical complex is an M0-polyhedral complex obtained by gluing Euclidean cubes of
various dimensions. We here consider a cubical complex in which all cubes contains a
common vertex (root). Such a cubical complex is naturally associated with an abstract
simplicial complex as follows. Let V be a set. Consider [0, 1]V , i.e., the set of formal
combinations of elements in V for which the coefficients belong to [0, 1]. Define metric
d on [0, 1]V by the l2-distance:
d(x, y) :=
√∑
v∈V
(xv − yv)2 (x, y ∈ [0, 1]V ),
where the sum is a finite summation over suppx ∪ supp y. Let S ⊆ 2V be an abstract
simplicial complex on V , i.e., S ⊆ S′ ∈ S implies S ∈ S. Suppose that the maximum
cardinality of members in S is bounded by some constant. Let K(S) ⊆ [0, 1]V be the
subspace of all points x with suppx ∈ S. Namely K(S) is the union ⋃S∈S [0, 1]S of all
Euclidean cubes [0, 1]S over S ∈ S. Then K(S) is a complete geodesic space, and is
called the rooted cubical complex associated with S. If [0, 1] is replaced by the set R+ of
nonnegative reals, then the resulting complex is an orthant space in the sense of [24]. A
rooted cubical complex is a strictly-convex subspace of the corresponding orthant space;
consider strictly-nonexpansive retraction
∑
v xvv 7→
∑
v min{xv, 1}v. Then results for
rooted cubical complexes are easily adapted for orthant spaces, and vice versa.
We are interested in CAT(0) rooted cubical complexes. Then Gromov’s characteri-
zation on CAT(1) all-right spherical complexes is rephrased as follows:
Theorem 2.3 (Gromov; see [10, Theorem 5.18]). For an abstract simplicial complex S,
the rooted cubical complex K(S) is CAT(0) if and only if S is a flag complex.
Here S is called a flag complex if it satisfies the flag condition (FL):
(FL) S ⊆ V belongs to S if and only if every 2-element subset of S belongs to S.
Notice that a flag complex S is precisely the simplicial complex of stable sets in a graph
(with vertex set V and edge set E := {uv | {u, v} 6∈ S}). Thus we obtain a CAT(0)
rooted cubical complex from an arbitrary undirected graph G, which is denoted by K(G).
We next study geodesics in K = K(G) and explain Owen’s formula of geodesics,
which was originally obtained for the BHV tree spaces and extended to CAT(0) orthant
spaces by Miller, Owen and Provan [24]. We first consider the special case where G is
a finite bipartite graph with two color classes B,C. We also suppose that G has no
isolated vertices. We explain in (R1) and (R2) below how to reduce geodesics in K(G)
for general G to this special case.
An arch is a sequence (B = U0, U1, . . . , Um = C) of stable sets in G such that
B ∩ Ui−1 ⊃ B ∩ Ui, C ∩ Ui−1 ⊂ C ∩ Ui (i = 1, 2, . . . ,m), (2.4)
where ⊂ means proper inclusion. The path space K(A) relative to an arch A = (B =
U0, U1, . . . , Um = C) is the subcomplex ofK consisting of cubes for Ui (i = 0, 1, 2, . . . ,m).
Namely K(A) := ⋃mi=0[0, 1]Ui . A path-space geodesic is a geodesic in some path space
K(A).
Let x, y be points in K with suppx = B and supp y = C. We consider path-space
geodesics connecting x, y. Let A be an arch (B = U0, U1, . . . , Um = C). Define Xi, Yi
(i = 1, 2, . . . ,m) by
Xi := (B ∩ Ui−1) \ (B ∩ Ui), (2.5)
Yi := (C ∩ Ui) \ (C ∩ Ui−1). (2.6)
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Then Uk = Xm ∪Xm−1 ∪ · · · ∪Xk+1 ∪ Yk ∪ Yk−1 · · · ∪ Y1. Also define positives ‖Xi‖ and
‖Yi‖ by
‖Xi‖2 :=
∑
b∈Xi
x2b , (2.7)
‖Yi‖2 :=
∑
c∈Yi
y2c , (2.8)
where x =
∑
b∈B xbb and y =
∑
c∈C ycc. Then we define v(A;x, y) by
v(A;x, y) :=
√√√√ m∑
i=1
(‖Xi‖+ ‖Yi‖)2. (2.9)
In fact, this quantity v(A;x, y) is a lower bound of the distance between x, y in the
path space K(A). To see this fact, consider the complex K(A, Xi, Yi) := K(A)|Xi∪Yi
obtained by projecting K(A) to [0, 1]Xi∪Yi . Then K(A, Xi, Yi) is the union of two cubes
[0, 1]Xi and [0, 1]Yi sharing exactly one point (the origin 0). Therefore the unique geodesic
between x|Xi∪Yi and y|Xi∪Yi goes on the union of segments [x|Xi∪Yi , 0] and [0, y|Xi∪Yi ] and
has length ‖Xi‖+‖Yi‖. Since Xi, Yi (i = 1, 2, . . . , n) form a partition of V , the path space
K(A) is viewed as a subspace of the product of K(A, Xi, Yi) over i = 1, 2, ...,m. Thus,
by Lemma 2.2, the length of any path connecting x, y is bounded below by v(A;x, y).
This motivates a condition for arch A to attain this lower bound, or equivalently, to
lift these projected geodesics to a geodesic in K(A). An arch (B = U0, U1, . . . , Um = C)
is said to be (x, y)-concave if it holds
‖X1‖
‖Y1‖ <
‖X2‖
‖Y2‖ < · · · <
‖Xm‖
‖Ym‖ . (2.10)
We see below that this condition is enough to such a lifting. Before that, we give
an alternative geometric interpretation of (2.10), which explains the meaning of terms
“arch” and “concave.” Plot the points
ξk := (
∑
b∈Uk∩B
x2b ,
∑
c∈Uk∩C
y2c ) = (
m∑
i=k+1
‖Xi‖2,
k∑
i=1
‖Yi‖2) (k = 0, . . . ,m)
in the plane R2. Draw a line between each of consecutive points ξk, ξk+1. See Figure 2.
Then the condition (2.10) is equivalent to the condition that the resulting polygonal
curve forms a concave arch with bending points ξk, or equivalently, that each ξk is an
extreme point of the convex hull of (0, 0) and ξk (k = 0, 1, 2, . . . ,m).
Theorem 2.4 ([25]; also see [26, Theorems 2.3 and 2.4]). (1) For an (x, y)-concave arch
A = (B = U0, U1, . . . , Um = C), the unique geodesic t 7→
∑
b∈B xb(t)b+
∑
c∈C yc(t)c
8
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Figure 2: Polygonal representation of an arch with ‖X1‖/‖Y1‖ < ‖X2‖/‖Y2‖ <
‖X3‖/‖Y3‖ > ‖X4‖/‖Y4‖
in the path space K(A) is given by
xb(t) =

(
1− t‖Xi‖+ ‖Yi‖‖Xi‖
)
xb if 0 ≤ t ≤ ‖Xi‖‖Xi‖+ ‖Yi‖ ,
0 if
‖Xi‖
‖Xi‖+ ‖Yi‖ ≤ t ≤ 1,
yc(t) =

0 if 0 ≤ t ≤ ‖Xi‖‖Xi‖+ ‖Yi‖ ,(
1− (1− t)‖Yi‖+ ‖Xi‖‖Yi‖
)
yc if
‖Xi‖
‖Xi‖+ ‖Yi‖ ≤ t ≤ 1,
(b ∈ Xi, c ∈ Yi, i = 1, 2, . . . ,m), (2.11)
and its length d(P ) is equal to v(A;x, y).
(2) Moreover any path-space geodesic in K belongs to the path space for some (x, y)-
concave arch.
Indeed, the projection P |Xi∪Yi of the path P (2.11) is the unique geodesic between
x|Xi∪Yi and y|Xi∪Yi in K(A, Xi, Yi) = [0, 1]Xi ∪ [0, 1]Yi (union of two cubes). Therefore,
by the above argument and Lemma 2.2, for proving (1) it suffices to verify that P belongs
to K(A), i.e., the nonzero support of ∑b∈B xb(t)b+∑c∈C yc(t)c for every t ∈ [0, 1] is a
subset of a stable set in A. Notice from the concavity condition (2.10) that it holds that
0 <
‖X1‖
‖X1‖+ ‖Y1‖ <
‖X2‖
‖X2‖+ ‖Y2‖ < · · · <
‖Xm‖
‖Xm‖+ ‖Ym‖ < 1.
Accordingly the nonzero support of P (t) changes as
B = U0, U0 ∩ U1, U1, U1 ∩ U2, U2, . . . , Um = C.
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Proving (2) needs more effort. In fact, the geodesic P in K(A) for a nonconcave arch
A belongs to a subspace K(A′) ⊆ K(A) for a concave subarch A′ of A (that corresponds
to the extreme points of the convex hull of (0, 0) and ξks). In Appendix, we give a proof
of this fact by simplifying the argument of Owen [25, Sections 4.1 and 4.2].
Notice that the above argument does not use the CAT(0) property of K(G). In
fact, without knowing the CAT(0) property of K(G) (Theorem 2.3) and Lemma 2.1, the
unique geodesic property of K(G) can directly be derived from the reduction techniques
(R1-R4) below.
Consider points x, y in K(G) for general graph G. Then the situation reduces to the
above special case by the following (R1) and (R2).
(R1) Let B := suppx, C := supp y. Consider the projection z 7→ z|B∪C , which is a
strictly-nonexpansive retraction and fixes x, y. Hence any geodesic between x, y
must belong to the subcomplex K(G˜), where G˜ is the subgraph of G induced by
B∪C. Then G˜ is a bipartite graph with color classes B\Z, C\Z, where Z ⊇ B∩C
is the set of isolated vertices in G˜.
(R2) Hence we may assume from the first that G is such a bipartite graph. Then
K(G) = K(G′) × [0, 1]Z , where G′ is the subgraph of G induced by non-isolated
vertices. Then a geodesic in K(G) is the product of geodesics in K(G′) and in
[0, 1]Z (Lemma 2.2).
Thus the geodesic problem reduces to the above bipartite case. In addition to Theo-
rem 2.4, to establish the unique geodesic property, two more properties are needed:
(R3) For points x, y ∈ K(G) with suppx = B, supp y = C, every geodesic connecting
x, y belongs to the path space K(A) for some arch A.
(R4) There is a unique arch A∗ that attains the minimum minA v(A;x, y).
Let us outline the proof of (R3) and (R4); we will prove them in more general set-
ting of modular semilattices. Suppose that a geodesic P passes through cubes [0, 1]U0 ,
[0, 1]U1 , . . .. Suppose that Ui+1 ∩ B 6⊆ Ui ∩ B. Consider the projection that sends co-
efficients of (Ui+1 \ Ui) ∩ B to zero, which is a strictly-nonexpansive retraction fixing
y. Apply this map to P from the moment when P enters [0, 1]Ui+1 , which yields an
(x, y)-path with the length not greater than d(P ). Hence Ui+1 ∩B ⊆ Ui ∩B necessarily
holds, and consequently (B = U0, U1, ...) becomes an arch to establish (R3).
For (R4), recalling Figure 2, associate each stable set U ∈ S(G) with point ξ(U) :=
(
∑
b∈U∩B x
2
b ,
∑
c∈U∩C y
2
c ) in R
2. Consider the convex hull Q of all points ξ(U) for U ∈
S(G), which is contained in square [0, ‖x‖2]×[0, ‖y‖2] and contains (0, 0), (‖x‖2, 0), (0, ‖y‖2)
as extreme points. Then the sequence of stable sets mapped to nonzero extreme points
is the unique arch A∗ that attains the minimum of v(A;x, y).
Remark 2.5. Now the geodesic can be constructed via arch A∗, which is algorithmically
obtained as follows. Indeed, A∗ can be found by the linear optimization over Q with
objective vector ((1−λ), λ)) for parameter λ ∈ [0, 1]. This is equivalent to the following
problem MSSP — the maximum weight stable set problem in bipartite graph G — with
parameter λ ∈ [0, 1]:
MSSP : Max. (1− λ)
∑
b∈B∩U
x2b + λ
∑
c∈C∩U
y2c
s.t. U : stable set of G.
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Figure 3: The network for MSSP: The cut surrounded by the dotted line has finite
capacity and corresponds to the stable set indicated by the square boxes.
As did in [26] (see also [6, Chapter 8]), MSSP reduces to to the minimum cut problem
in the network constructed from G and x, y; see Figure 3. Then the cut T having the
minimum cut capacity corresponds to stable set (T ∩B)∪ (C \ T ) having the maximum
weight. Hence, via the max-flow min-cut theorem, the arch is obtained by a (parametric)
maximum flow algorithm.
2.3 Orthoscheme complex
Here we formally introduce the orthoscheme complex of a graded poset. For this purpose,
we need to set up basic terminologies on posets. A poset (partially order set) is a set
P endowed with a partial order relation  on P, where p ≺ q means p  q and p 6= q.
A pair p, q ∈ P is said to be comparable if p  q or q  p, and incomparable otherwise.
The interval [p, q] of elements p, q with p  q is the set of elements u with p  u  q. If
[p, q] = {p, q} and p 6= q, then we say that q covers p, and (p, q) is called a covering pair.
A chain of poset P is a pairwise comparable set of elements, which is often denoted by
p0 ≺ p1 ≺ · · · . The length of a chain is defined as its cardinality minus one. A grade
function of P is an integer-valued function r : P → Z such that r(q) = r(p) + 1 holds
for all covering pairs (p, q). A poset P is called graded if it admits a grade function. For
p  q, let r[p, q] := r(q)− r(p), which is equal to the length of any maximal chain from
p to q. For posets P considered in this paper, we assume:
(F) There is a finite number N such that the length of every chain is at most N .
Let P be a graded poset with grade function r. The simplex of a chain p0 ≺ p1 ≺
· · · ≺ pn is the set of all formal convex combinations x =
∑n
i=0 λipi of elements in the
chain, where “convex” means that the coefficients λi satisfy
∑n
i=0 λi = 1 and λi ≥ 0 (i =
0, 1, . . . , n). Let K(P) denote the union of all simplices of chains in P, or equivalently,
the set of all formal convex combinations x of elements in P such that suppx is a chain
of P. In other words, K(P) is a geometric realization of the order complex of P. Next
we define a metric on K(P). For a simplex ∆ of a chain p0 ≺ p1 ≺ · · · ≺ pn, define map
ϕ∆ : ∆→ Rn by
ϕ∆(x) :=
n∑
i=1
λi(e1 + e2 + · · ·+ er[p0,pi]), (x =
n∑
i=0
λipi ∈ K(P)).
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If pi covers pi−1 for each i, then the above ϕ∆(x) is also written as
ϕ∆(x) =
n∑
i=1
(λi + · · ·+ λn)ei. (2.12)
For two points x, y ∈ K(P) belonging to a common simplex ∆, define distance d(x, y)
by the l2-distance in the image ϕ∆(∆):
d(x, y) := ‖ϕ∆(x)− ϕ∆(y)‖ (x, y ∈ ∆). (2.13)
Namely, ϕ∆ maps a chain to vertices of the orthoscheme (1.1). Accordingly, points in
the simplex and their distance are realized in the orthoscheme in Euclidean space Rn.
Note that the distance (2.13) does not depend on the choice of a common simplex. Also
the neighborhood of each point is determined, which generates a topology on K(P).
The length d(P ) of a path P in K(P) is defined by (2.1), where tis are taken so that
P (ti), P (ti+1) belong to a common simplex and their distance is measured by (2.13). For
the distance d(x, y) of arbitrary points x, y ∈ K(P) is defined as the infimum of d(P ) for
all (x, y)-paths. The resulting metric simplicial complex K(P) is called the orthoscheme
complex of P. By the assumption (F), K(P) is an M0-simplicial complex with finite
isometry types of simplices, and is a complete geodesic space.
Let P,P ′ be graded posets. A map φ : P → P ′ is called order-preserving if φ(p) 
φ(q) holds for all p, q ∈ P with p  q. An order-preserving map φ : P → P ′ maps a
chain in P to a chain in P ′, and hence is extended to a map φ : K(P) → K(P ′) in a
natural way:
φ(x) :=
∑
i
λiφ(pi) (x =
∑
i
λipi ∈ K(P)).
An order-preserving map φ : P → P ′ is called nonexpansive if for every covering pair
(p, q) in P, (φ(p), φ(q)) is a covering pair or φ(p) = φ(q).
Lemma 2.6. Let φ : P → P ′ be a nonexpansive order-preserving map.
(1) The extension φ : K(P)→ K(P ′) is nonexpansive (and continuous).
(2) For points x =
∑n
i=0 λipi, x
′ =
∑n
i=0 λ
′
ipi ∈ K(P) in a common simplex, if φ(pi) =
φ(pi−1) and λi + λi+1 + · · ·+ λn 6= λ′i + λ′i+1 + · · ·+ λ′n, then it holds
d(φ(x), φ(x′)) < d(x, x′).
Proof. (1). Take arbitrary two points x =
∑n
i=0 λipi and x
′ =
∑n
i=0 λ
′
ipi in a common
simplex in K(P). We can assume that each (pi, pi+1) is a covering pair. It suffices to
show d(φ(x), φ(x′)) ≤ d(x, x′). Let I denote the set of indices i(> 0) with φ(pi)  φ(pi−1)
(i.e., φ(pi) covers φ(pi−1)). Suppose that I = {i1, i2, . . . , ik} for i1 < i2 < · · · < ik. Then
we have φ(x) =
∑k
l=0(λil + λil+1 + · · · + λil+1−1)φ(pil) and φ(x′) =
∑k
l=0(λ
′
il
+ λ′il+1 +· · ·+ λ′il+1−1)φ(pil), where i0 := 0. By (2.12), we have
d(φ(x), φ(x′))2 =
∑
i∈I
(λi + λi+1 + · · ·+ λn − λ′i − λ′i+1 − · · · − λ′n)2 (2.14)
≤
n∑
i=1
(λi + λi+1 + · · ·+ λn − λ′i − λ′i+1 − · · · − λ′n)2
= d(x, y)2.
(2). In the above inequality, the index i does not belong to I, has nonzero term, and
the inequality holds strictly.
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To proceed the argument, we need further notation on lattice and semilattice. The
join and meet of two elements p, q in a poset P are the unique minimum common upper
bound and the unique maximum common lower bound, respectively, of p, q. The join
and meet of p, q (if they exist) are denoted by p∨ q and p∧ q, respectively. A lattice is a
poset in which every pair of elements has both join and meet. A (meet-)semilattice is a
poset in which every pair of elements has meet. The minimum element in a semilattice
is denoted by 0. We only consider semilattices that are graded, where the grade of the
minimum element 0 is supposed to be 0, and the grade of an element p is also called the
rank of p. The maximum rank of an element is called the rank of the semilattice, which
is finite by (F). In a semilattice, two elements p, q are said to be bounded if they have
a common upper bound. Notice that p and q are bounded if and only if the join p ∨ q
exists, which is given by the meet of all common upper bounds of p, q.
An ideal in a poset P is a subset S such that p  q ∈ S implies p ∈ S. For an
element a of a poset P, the principal ideal I(a) of a is defined as the set of all elements
p with p  a. Dually the principal filter F(a) of a is defined as the set of all elements p
with p  a. A subsemilattice of a semilattice L is a subset that is closed under meet. A
sublattice is a subset that is closed under meet and join.
Example 2.7. A distributive lattice is a lattice D satisfying distributive law p∧(q∨q′) =
(p∧ q)∨ (p∧ q′) and p∨ (q∧ q′) = (p∨ q)∧ (p∨ q′) for every triple p, q, q′ ∈ L. The family
of ideals in a (finite) poset P is a distributive lattice, where the partial order relation
on ideals is defined by inclusion order; then ∧ = ∩ and ∨ = ∪. Birkhoff representation
theorem says that any distributive lattice is always obtained in this way; see [4, Chapter
V] and [14, Chapter II].
Suppose that a distributive lattice D is represented by a poset P. Then [12, Propo-
sition 7.11] shows that the orthoscheme complex K(D) is isomorphic to the convex
polytope
{x ∈ [0, 1]P | xv ≥ xu (u, v ∈ P : u  v)} (2.15)
in Euclidean space RP , which is known as the order polytope of P.
Example 2.8. A Boolean lattice is a distributive lattice such that every element p
has an element q, called a complement of p, such that p ∧ q = 0 and p ∨ q = 1 (the
maximum element). A Boolean lattice here is a lattice 2V of all subsets of a finite set
V . By (2.15) with regarding V as a poset with no relation, the orthoscheme complex
K(2V ) is isometric to Euclidean cube [0, 1]V . Consequently, the rooted cubical complex
K(S) is also the orthoscheme complex K(S), where the abstract simplicial complex S is
regarded as a (graded) poset ordered by inclusion. The poset of an abstract simplicial
complex is identified with a semilattice B such that every principal ideal is a Boolean
lattice. Indeed, consider the set V of all rank-1 elements of B, and consider the abstract
simplicial complex S on V consisting of all subsets S with∨S ∈ B. Then S is isomorphic
to B.
A flag simplicial complex is equivalent to a Boolean semilattice, which is defined as
a semilattice B such that every principal ideal of B is a Boolean lattice and B satisfies
the following lattice-theoretic flag condition:
(LFL) For every triple u, v, w of elements, their join u ∨ v ∨ w exists if and only if all of
u ∨ v, v ∨ w, w ∨ u exist.
Indeed, in the above construction of S, (LFL) is rephrased as: For S, T, U ∈ S, S∪T∪U ∈
S if and only if S ∪ T, T ∪ U,U ∪ S ∈ S. It is easy to see (by induction) that this is
equivalent to (FL). Thus K(B) is isometric to CAT(0) rooted cubical complex K(G).
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We see in the next subsection a common generalization of a distributive lattice and
Boolean semilattice.
Let P be a graded poset. Even if a subset P ′ ⊆ P becomes a graded poset by the
restriction of , the orthoscheme complex K(P ′), which is a subset of K(P), is not
necessarily a subspace of K(P), since their metrizations may be different. A necessary
and sufficient condition for K(P ′) to be a subspace of K(P) is the following rank-
preserving property:
(RP) Any covering pair of P ′ is a covering pair of P.
Then the shape of each simplex in K(P ′) is the same in K(P), and K(P ′) is viewed as
a subspace of K(P). Examples of such subsets include intervals, principal ideals, and
filters.
Consider maps p 7→ a∧p and p 7→ a∨p, when they are defined for all p. Then they are
obviously order-preserving, and extended to K(P) → K(I(a)) and K(P) → K(I(a)).
We are interested in the situation where they are nonexpansive (retractions). An element
a in L is called modular if a has join x ∨ a and meet x ∧ a with every element x, and
satisfy
r(a) + r(x) = r(a ∨ x) + r(a ∧ x). (2.16)
Lemma 2.9. Let a ∈ P be a modular element.
(1) Maps a∧ and a∨ are order-preserving nonexpansive retractions to I(a) and to
F(a), respectively.
(2) Subspaces K(I(a)) and K(F(a)) are strictly-convex.
(3) For a path P in K(P), it holds
d(P )2 ≥ d(a ∨ P )2 + d(a ∧ P )2. (2.17)
If both a ∨ P and a ∧ P are geodesics, then the equality holds in (2.17) and P is a
geodesic.
Proof. (1). For a covering pair (p, p′), by modularity of a, exactly one of the following
holds:
• a ∧ p′ covers a ∧ p and a ∨ p′ = a ∨ p.
• a ∧ p′ = a ∧ p and a ∨ p′ covers a ∨ p.
This follows from 1 = r[a ∨ p, a ∨ p′] + r[a ∧ p, a ∧ p′], which is obtained by subtracting
r(a) + r(p) = r(a ∨ p) + r(a ∧ p) from r(a) + r(p′) = r(a ∨ p′) + r(a ∧ p′). In particular,
both a∧ and a∨ are nonexpansive retractions.
(3). To show (2.17), it suffices to show d(x, y)2 = d(a ∧ x, a ∧ y)2 + d(a ∨ x, a ∨ y)2
for points x, y in a common simplex. Indeed, the argument in the proof of Lemma 2.2 is
applicable in a straightforward way, since d(P (ti−1), P (ti))2 = d(a∧P (ti−1), a∧P (ti))2+
d(a ∨ P (ti−1), a ∨ P (ti))2 holds for a sufficiently fine subdivision 0 = t0 < t1 < · · · <
tN = 1.
We can assume that x =
∑
i λipi and y =
∑
i µipi for a maximal chain p0 ≺ p1 ≺
· · · ≺ pn. We use the method of the proof of Lemma 2.6 (1). Let I be the set of
indices i ∈ {1, 2, . . . , n} such that a ∧ pi covers a ∧ pi−1. Then, by the argument in (1),
J = {1, 2, . . . , n} \ I is the set of indices i such that a∨ pi covers a∨ pi−1. Therefore, by
(2.14), we have
d(x, y)2 =
∑
i∈I∪J
(λi + · · ·+ λn − µi − · · · − µn)2 = d(a ∧ x, a ∧ y)2 + d(a ∨ x, a ∨ y)2.
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Suppose that both a ∨ P and a ∧ P are geodesics. For 0 ≤ t < t′ ≤ 1, choose any
sufficiently fine subdivision t = t0 < t1 < · · · < tm = t′. Then we have
d(P (t), P (t′)) ≤
m∑
i=1
d(P (ti−1), P (ti))
=
m∑
i=1
√
d(a ∧ P (ti−1), a ∧ P (ti))2 + d(a ∨ P (ti−1), a ∨ P (ti))2
=
m∑
i=1
(ti − ti−1)
√
d(a ∧ P (0), a ∧ P (1))2 + d(a ∨ P (0), a ∨ P (1))2
= |t′ − t|
√
d(a ∧ P (0), a ∧ P (1))2 + d(a ∨ P (0), a ∨ P (1))2
=
√
d(a ∧ P (t), a ∧ P (t′))2 + d(a ∨ P (t), a ∨ P (t′))2
≤ d(P (t), P (t′)),
where the last inequality follows from the established (2.17). From this, we see that the
equality holds in (2.17) and P is a geodesic.
(2). Let u, v ∈ K(I(a)). Take a polygonal path P connecting u and v. Then the
image a∧P is a (polygonal) path in K(I(a)) connecting u = a∧u and v = a∧v. Suppose
that P meets K(P) \K(I(a)). We show d(a ∧ P ) < d(P ). We can take two points x, y
in P such that the segment [x, y], which is a part of P , belongs to a common simplex,
x ∈ K(I(a)), and y 6∈ K(I(a)). Suppose that x = ∑ni=0 λipi and y = ∑ni=0 λ′ipi. For
some index k, it necessarily holds that pj  a (j ≤ k), pj 6 a (j > k),
∑
j:j>k λi = 0,
and
∑
j:j>k λ
′
i 6= 0. Then pk = a ∧ pk = a ∧ pk+1 must hold (provided pk+1 covers pk).
By Lemma 2.6 (2), we have d(a ∧ x, a ∧ y) < d(x, y). Consequently d(a ∧ P ) < d(P ).
Thus every shortest path between x and y belongs to K(I(a)).
For K(F(a)), reverse the partial order of P and consider the corresponding or-
thoscheme complex, which is isometric to the original K(P). Then we obtain the state-
ment for K(F(a)).
A modular lattice is a graded poset (lattice) such that every element is a modular
element; this may be an unusual definition of a modular lattice but is equivalent to the
standard one; see [4, Sections 50–52]. In a modular lattice, we can use the above lemma
freely. Also the above proof is applied to show the following:
Lemma 2.10. Let L be a semilattice such that every principle ideal is a modular lattice.
For a ∈ L, the map a∧ is an order-preserving nonexpansive retraction to I(a), and
K(I(a)) is a strictly-convex subspace of K(L).
2.4 Median orthoscheme complex
A median semilattice is a semilattice D such that every principal ideal of D is a distribu-
tive lattice and D satisfies the lattice-theoretic flag condition (LFL). By the definition,
a median semilattice is a common generalization of a distributive lattice and Boolean
semilattice. The former is represented by the family of ideal in a poset (Example 2.7)
and the latter is the family of all stable sets of a graph (Example 2.8). A median semi-
lattice admits a common generalization of these representations, from which an explicit
description of its orthoscheme complex is given.
A PIP (Poset with Inconsistent Pairs) G = (V,E,) is a pair of an undirected
graph G = (V,E) and a partial order relation  on vertex set V such that uv ∈ E and
u  u′ imply u′v ∈ E. This concept appeared in [8]; the name PIP is due to [2]. A
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stable ideal (or consistent ideal) is a vertex subset such that it is a stable set relative to
the graph G and an ideal relative to the poset (V,). Let S(G) ⊆ 2V be the poset of
all stable ideals ordered by inclusion. Notice that S(G) is not an abstract simplicial
complex.
Proposition 2.11 ([8]). For a PIP G, the family S(G) of stable ideals is a median
semilattice with ∧ = ∩. Conversely, every median semilattice D is isomorphic to S(G)
for some PIP G.
The construction of such a PIP G is as follows. The vertex set V of G is the set
of all join-irreducible elements of D, where a join-irreducible element is an element that
is not 0 and cannot be represented as the join of other elements. The partial order 
on V is the restriction of the partial order of D. A pair (u, v) of vertices has an edge in
G = (V,E) if and only if the join of u, v does not exist. The resulting G = (V,E,)
is actually a PIP, and D is isomorphic to S(G), where an isomorphism is given by
p 7→ V ∩ I(p). In particular, median semilattice D is embedded to Boolean semilattice
S(G). This Boolean semilattice S(G) is called the Boolean extension of D, and is also
denoted by D.
Consider the orthoscheme complex K(D) of a median semilattice D, which is called
a median orthoscheme complex. The next proposition shows that that K(D) is realized
as a CAT(0) subspace in CAT(0) rooted cubical complex K(D) = K(G).
Proposition 2.12 ([12, Sectioin 7.6]). Let D be a median semilattice.
(1) The median orthoscheme complex K(D) is CAT(0).
(2) Suppose that D is represented by PIP G = (V,E,). Then K(D) is isometric to
the subspace K(G) of K(G):
K(G) := {x ∈ K(G) | xv ≥ xv′ (v, v′ ∈ V : v  v′)},
where the isometry is given by
x =
∑
i
λipi 7→
∑
v∈V
(
∑
i:vpi
λi)v. (2.18)
Note that one can also associate PIP G with CAT(0) cubical complex C(G), as
in [2], which is different from K(G).
The image of x ∈ K(D) by the isometry in (2.18) is called the b-coordinate of x,
where “b” stands for Birkhoff. We write x =b
∑
v∈V xvv if the image of x by the
isometry (2.18) is
∑
v∈V xvv. Observe from (2.18) that the meet and join maps work as
projections as follows:
Lemma 2.13. Let x =b
∑
v∈V xvv ∈ K(D). For a ∈ D with A = {v ∈ V | v  a}, it
holds x ∧ a =b
∑
v∈A xvv = x|A and x ∨ a =b
∑
v∈A v + x|V \A.
Next we discuss geodesics in K(D), and show that Owen’s formula is naturally ex-
tended. A bipartite PIP is a PIP G such that G is a bipartite graph with color classes
B,C and has no isolated vertices, and any b ∈ B and c ∈ C are incomparable in .
Suppose that G is a bipartite PIP with color classes B,C. An arch is a sequence
(B = U0, U1, . . . , Um = C) of stable ideals satisfying (2.4). The path space K(A) is
defined as K(G) ∩ (
⋃
i[0, 1]
Ui).
Let x, y ∈ K(G) with suppx = B and supp y = C. For an arch A = (B =
U0, U1, . . . , Um = C), Xi, Yi, ‖Xi‖, ‖Yi‖ are defined by (2.5) (2.6), (2.7), and (2.8). Also
v(A;x, y) is defined by (2.9). An (x, y)-concave arch is an arch satisfying (2.10). In this
setting, precisely the same statement of Theorem 2.4 holds.
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Proposition 2.14. (1) For an (x, y)-concave arch A = (B = U0, U1, . . . , Um = C),
the unique geodesic connecting x, y in K(A) is given by (2.11), and its length is
equal to v(A;x, y).
(2) Moreover, any path-space geodesic belongs to the path space for some (x, y)-concave
arch.
Proof. (1). K(G) is a subspace of the cubical complex K(G). An arch A for G is an
arch for G. The path space K(A) for K(G) is a subspace of the (cubical) path space for
K(G). Therefore it suffices to show that the path P defined by (2.11) is actually a path in
K(A), i.e., that for all t ∈ [0, 1], it holds xv(t) ≥ xv′(t) if v  v′. Consider v, v′ ∈ V with
v  v′. Then v, v′ ∈ B or v, v′ ∈ C. Suppose that v, v′ ∈ B. Since x ∈ K(G) it holds
xv(0) = xv ≥ xv′ = xv′(0). Any stable ideal containing v′ must contain v. Consequently,
if v ∈ Xi and v′ ∈ Xi′ , then i′ ≤ i and hence ‖Xi′‖/(‖Xi′‖+‖Yi′‖) ≤ ‖Xi‖/(‖Xi‖+‖Yi‖).
Thus xv(t) = (1− t(‖Xi‖+ ‖Yi‖)/‖Xi‖)xv ≥ (1− t(‖Xi′‖+ ‖Yi′‖)/‖Xi′‖)xv′ = xv′(t), as
required. The case of v, v′ ∈ C is shown in a similar way.
(2). If A is nonconcave, then it is also nonconcave for K(G), and the path-space
geodesic P for the (cubical) path space in K(G) belongs to the (cubical) path space for
some concave subarch A′; see Appendix. Since this arch A′ is also a concave arch for
K(G), by (1), P belongs to K(A′).
The unique geodesic property for K(D) can also be established by proving the ana-
logues of (R1-R4) in Section 2.2. In (R1), the projection x 7→ x|B∪C is also a well-
defined strictly-nonexpansive retraction. Indeed, if supp z is a stable ideal, then so is
supp z|B∪C = (B ∪C)∩ supp z (since B ∪C is an ideal). Hence geodesics belongs to the
strictly-convex subspace corresponding to the PIP obtained by restricting G to B ∪C.
This PIP is a semi-bipartite PIP (with tri-partition {B \ Z,C \ Z,Z(⊇ B ∩ C)}) in the
following sense. A PIP G = (V,E,) is called semi-bipartite if it admits a tri-partition
{B′, C ′, Z} of V such that the restriction G′ of G to B′ ∪ C ′ is a bipartite PIP with
color classes B′, C ′, Z is the set of isolated vertices of G, and there are no p ∈ B′ ∪ C ′
and q ∈ Z with p  q. Let G0 denote the restriction of G to Z, which has no edge and
is merely a poset. Then K(G) ⊆ K(G′)×K(G0). In contrast to the cubical case, the
strict inclusion possibly holds. Fortunately the unique geodesic can be obtained as the
product of those for K(G′) and K(G
0
).
Lemma 2.15. Let G be a semi-bipartite PIP with tri-partition B′, C ′, Z. Let x, y ∈
K(G) with B′ ⊆ suppx ⊆ B′ ∪ Z and C ′ ⊆ supp y ⊆ C ′ ∪ Z. Let Q be a shortest
path-space geodesic in K(G′) connecting x|B′∪C′ and y|B′∪C′, and let R be the geodesic
in K(G0) connecting x|Z and y|Z . Then the product P = (Q,R) belongs to K(G).
Proof. Notice that G0 has no edge, and K(G
0
) is a convex polytope in [0, 1]
Z (Exam-
ple 2.7). Therefore the unique geodesic in K(G0) connecting x|Z and y|Z is given by
t 7→ ∑v∈Z(1 − t)xvv + tyvv. Therefore it suffices to show that if v  v′ for v ∈ Z and
v′ ∈ B′, then xv(t) ≥ xv′(t), where xv′(t) obeys (2.11) for some (x|B′ , y|C′)-concave arch.
Then xv(t) = (1− t)xv + tyv ≥ (1− t)xv ≥ (1− t(‖Xi′‖+ ‖Yi′‖)/‖Xi′‖))xv′ = xv′(t), as
required.
Then the unique geodesic property of K(G) can be shown by establishing (R3) and
(R4) in a similar way.
Remark 2.16. Again the geodesic can be constructed via A∗, which is also obtained by
a network flow technique as in Remark 2.5. In MSSP, replace “stable set in G” by “stable
ideal in G.” The arch A∗ is obtained by solving the resulting problem MSIP. Consider
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the network in Figure 3. For u, v ∈ B (resp. C), add edge vu with infinite capacity if
u  v (resp. v  u). Again cuts having finite capacity and stable ideals are in one-to-one
correspondence by T ↔ (T ∩B)∪ (C \T ). Thus MSIP is solved by a (parametric) max-
flow algorithm. Note that MSIP is equivalent to the problem known as the minimum
weight ideal problem in a poset, where this reduction is classically known [27]; see also
[13, Section 7.1 (b)].
3 Modular semilattice
A modular semilattice [5] is a semilattice L such that every principal ideal of L is a
modular lattice and L satisfies the lattice-theoretic flag condition (LFL). In this section,
we deal with the orthoscheme complex of a modular semilattice. The goal in this section
is to prove the following, which implies the main theorem (Theorem 1.2) via Lemma 2.1.
Theorem 3.1. Let L be a modular semilattice. Then the orthoscheme complex K(L) is
uniquely geodesic.
The proof is largely based on the idea mentioned in Sections 2.2 and 2.4, i.e., the for-
mula (2.11) of path-space geodesics and the reduction techniques (R1-R4). The outline
is as follows:
(P0) Let x, y ∈ K(L). Our goal is to give an explicit construction of a geodesic between
x, y and to show its uniqueness. Let p and q be the maximum elements in the
nonzero supports of x and y, respectively.
(P1) Consider first an easier case where p and q have join. Then any geodesic between
x, y belongs to a strictly-convex subspace K(I(p∨ q)) (Lemma 2.9). Now I(p∨ q)
is a modular lattice, and K(I(p ∨ q)) is CAT(0) (Theorem 1.1). The geodesic in
K(I(p ∨ q)) is unique. Moreover the geodesic is easily constructed by taking a
distributive sublattice D for which K(D) contains x and y (Lemmas 3.3 and 3.4).
(P2) Next consider the essential case where there is no element u other than 0 that has
join with both p and q. In this case, an analogue of (R1) holds:
– Every geodesic connecting x, y belongs to the subspace K(I(p, q)) induced by
modular subsemilattice
I(p, q) = {u ∨ v | u ∈ I(p), v ∈ I(q)}.
(P3) This modular semilattice I(p, q) generalizes and plays roles of a median semilat-
tice represented by a bipartite PIP. The concepts of an arch, path space, (x, y)-
concavity, and v(A;x, y) are naturally generalized. By taking a special median
subsemilattice (called a distributive frame) of I(p, q), we obtain the formula of
path-space geodesics (Proposition 3.10). We then establish (R3) and (R4) to ob-
tain the uniqueness of geodesics (Propositions 3.9 and 3.10).
(P4) Consider the general case of x and y. We choose a suitable element a for which
a ∨ x and a ∨ y are in the case of (P2) for F(a). According to (P1), we obtain
the unique geodesic Q between a ∧ x and a ∧ y in K(I(a)). According to (P3),
we obtain the unique geodesic R between a ∨ x and a ∨ y in K(F(a)). Finally,
with the help of Lemma 2.9 (3) and Lemma 2.15, we combine Q,R to a geodesic
P between x, y and show its uniqueness.
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In Section 3.1, we prove several necessary lemmas. In Section 3.2, we complete the proof
of Theorem 3.1 according to (P3) and (P4).
In the following, all sublattices and subsemilattices satisfy (RP) (or can be chosen
so to satisfy (RP)), and the corresponding subcomplexes are subspaces of the original
space. In all cases, the verification of (RP) is straightforward and hence omitted.
3.1 Lemmas
Let L be a modular semilattice. Let a be an element of L. Let J (a) denote the set of
elements q such that a and q have join. Define map ωa : L → J (a) by
ωa(p) := the maximum element in I(p) having join with a.
Then ωa(p) is well-defined. Indeed, if p
′, p′′  p have the join with a, then, by (LFL),
their join a ∨ p′ ∨ p′′ exists (since p′ ∨ p′′  p exists). We also observe that ωa(p) = p if
and only if p has join with a, i.e., ωa is a retraction to J (a).
Lemma 3.2. For an element a ∈ L, we have the following:
(1) J (a) is a modular subsemilattice of L.
(2) ωa is a nonexpansive order-preserving retraction to J (a).
(3) Subspace K(J (a)) is strictly-convex.
Proof. (1). It is obvious that p, q ∈ J (a) implies p∧ q ∈ J (a). Thus J (a) is a subsemi-
lattice of L. Also J (a) is join-closed, i.e., p, q ∈ J (a) and p ∨ q ∈ L imply p ∨ q ∈ J (a)
(by (LFL)). Clearly p ∈ J (a) implies I(p) ⊆ J (a). Hence every principal ideal of J (a)
is a modular lattice. Suppose that p ∨ q, q ∨ r, and r ∨ p have join with a. By (LFL)
(and the join-closedness), necessarily p ∨ q ∨ r exists. Then p ∨ a, p ∨ q, and r ∨ p have
pairwise joins. Hence p∨ q ∨ r ∨ a exists, and p∨ q ∨ r ∈ J (a). This means that J (a) is
a modular semilattice.
(2). Take a covering pair (p, q). Obviously ωa(p)  ωa(q). Hence ωa is order-
preserving. Here ωa(q) ∧ p and a have join (since ωa(q) ∨ a is a common upper bound).
Thus ωa(q) ∧ p  ωa(p)  ωa(q) = ωa(q) ∧ q. Since r[ωa(q) ∧ p, ωa(q) ∧ q] is at most 1
(by modularity), we have r[ωa(p), ωa(q)] ≤ 1, and the nonexpansiveness of ωa.
(3). Let u, v ∈ K(J (a)). Take a polygonal path P connecting u and v such that P
meets K(L) \ K(J (a)). By (2) and Lemma 2.6, the extension ωa : K(L) → K(J (a))
is a nonexpansive retraction, and hence d(ωa(P )) ≤ d(P ) holds. We show the strict
inequality. We can take two points x, y in P such that the segment [x, y] belongs to
a common simplex, x ∈ K(J (a)), and y 6∈ K(J (a)). Suppose that x = ∑i λipi and
y =
∑
i λ
′
ipi. For some index k, it necessarily hold that pj ∨a exists for j ≤ k, pj ∨a does
not exist for j > k,
∑
j:j>k λi = 0, and
∑
j:j>k λ
′
i 6= 0. Also pk = ωa(pk) = ωa(pk+1). By
Lemma 2.6 (2), it holds d(ωa(x), ωa(y)) < d(x, y), and hence d(ωa(P )) < d(P ). Thus
K(L(a)) is strictly-convex.
A classical theorem by Dedekind and Birkhoff is that for any two chains in a modular
lattice there is a distributive sublattice containing them; see [4, Theorem 3.18] and [14,
Theorem 363]. The next lemma is viewed as a generalization of this result.
Lemma 3.3. Let p, q ∈ L. For four maximal chains Π ⊆ I(p), Σ ⊆ I(q), Π ′ ⊆ [p∧q, p],
and Σ′ ⊆ [p ∧ q, q], there are distributive sublattices B of I(p) and C of I(q) satisfying
the following properties:
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(1) B contains Π, Π ′, and (p ∧ q) ∧Σ.
(2) C contains Σ, Σ′, and (p ∧ q) ∧Π.
(3) B ∩ C = B ∩ I(p ∧ q) = C ∩ I(p ∧ q).
Proof. Let s = r[p∧ q, p] and t = r[p∧ q, q]. We use the induction on s+ t. Suppose that
s = t = 0. Then p = q = p∧ q, and Π ′ = Σ′ = {p∧ q}. This case reduces to the original
Dedekind–Birkhoff theorem; but the following argument is easily adapted to prove this
case.
Suppose that s > 0. Suppose that Π = (0 = p0 ≺ p1 ≺ · · · ≺ pn = p) with n = r(p)
and Π ′ = (p ∧ q = u0 ≺ u1 ≺ · · · ≺ us = p). Consider chain Π˜ ′ := (u0 ≺ u1 ≺ · · · ≺
us−1), and chain Π˜ consisting of p′i := us−1∧pi for i = 0, 1, 2 . . . , n. Apply the induction
on Π˜, Π˜ ′, Σ,Σ′. We obtain distributive sublattices B˜ of I(us−1) and C of I(q) such
that B˜ contains Π˜, (p ∧ q) ∧ Σ, Π˜ ′, C contains Σ,Σ′, (p ∧ q) ∧ Π˜ = (p ∧ q) ∧ Π, and
B˜ ∩ C = B˜ ∩ I(p ∧ q) = C ∩ I(p ∧ q).
We extend B˜ to B so that B contains us = p and Π. Choose the smallest index j
such that pj 6 us−1. Since us−1 is covered by pn = us, by modularity, p′k is covered by
pk for k ≥ j. In particular, pj−1 = p′j , and pk is equal to p′k ∨ pj . Define B by
B := B˜ ∪ (B˜ ∨ pj) = B˜ ∪ {v ∨ pj | v ∈ B˜ : pj−1  v  us−1}, (3.1)
where the second equality follows from w ∨ pj = w ∨ pj−1 ∨ pj and w ∨ pj−1 ∈ B˜ with
pj−1  w ∨ pj−1  us−1. Now {v ∨ pj | v ∈ B˜ : pj−1  v  us−1} is isomorphic to the
interval between pj−1 and us−1 in B˜. Then, for w ∈ B \ B˜, there is unique w′ ∈ B˜ such
that pj−1  w′  us−1 and w = w′ ∨ pj . Then it holds
a ∧ w = a ∧ w′ (a ∈ B˜). (3.2)
Indeed, w covers w′ and a ∨ w covers a ∨ w′. This implies r[a ∧ w, a] = r[w, a ∨ w] =
r[w′, a∨w′] = r[a∧w′, a]. Then, by a∧w′  a∧w, the equality must hold. In particular
B(⊇ B˜) is a sublattice of I(p) containing us and Π.
It is easy but bit tedious to verify that B satisfies the distributive law. Take a, b, c ∈ B.
Suppose, e.g., that c ∈ B˜ 63 a, b. Then (a∧ c)∨ (b∧ c) = (a′ ∧ c)∨ (b′ ∧ c) = (a′ ∨ b′)∧ c =
(a ∨ b) ∧ c, where we use (3.2) for the first and last equalities and the distributive law
in B for the second. For the last equality, we use the fact that map u 7→ u ∨ pj is
an isomorphism from [pj−1, us−1] to [pj , us] in B, i.e., (a ∨ b)′ = a′ ∨ b′. Similarly,
(a∨c)∧(b∨c) = (pj∨a′∨c)∧(pj∨b′∨c) = pj∨((a′∨c)∧(b′∨c)) = pj∨(a′∧b′)∨c = (a∧b)∨c.
Suppose, e.g., that b, c 6∈ B˜ 3 a. Then (a ∧ c) ∨ (b ∧ c) = (a ∧ c′) ∨ (b′ ∧ c′) ∨ pj =
(a ∧ b′) ∨ c′ ∨ pj = (a ∧ b) ∨ c, and (a ∨ c) ∧ (b ∨ c) = (a ∨ c′ ∨ pj) ∧ (b′ ∨ c′ ∨ pj) =
((a∨c′)∧(b′∨c′))∨pj = (a∧b′)∨c′∨pj = (a∧b)∨c, where from a∨c′, b′∨c′ ∈ [pj−1, us−1]
we use the isomorphic property of u 7→ u ∨ pj in the second equality. The verifications
for other cases are similar (more easy). By construction, the property (3) obviously
holds.
The essence of the proof of Theorem 1.1 in [12] is the following.
Lemma 3.4 ([12, Lemma 7.13]). LetM be a modular lattice and let D a distributive sub-
lattice of M. Suppose that the join-irreducible elements b1, b2, . . . , bn of D are arranged
so that
0 ≺ b1 ≺ b1 ∨ b2 ≺ b1 ∨ b2 ∨ b3 ≺ · · · ≺ b1 ∨ · · · ∨ bn
is a maximal chain in M. Then the map
p 7→ {bi | i : p ∧ (b1 ∨ b2 ∨ · · · ∨ bi)  p ∧ (b1 ∨ b2 ∨ · · · ∨ bi−1)} (3.3)
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is an order-preserving nonexpansive map fromM to D = 2{b1,...,bn} such that it is identity
on D. Consequently, K(D) is a (strictly-)convex subspace of K(M).
In this lemma, D is viewed as a sublattice ofM as well as of D. Recall Example 2.7
(or Proposition 2.12) that K(D) is realized as a convex polytope in [0, 1]{b1,...,bn}. Then
the unique geodesic in K(M) connecting two points x, y is obtained as follows:
• Choose a distributive sublattice D ofM containing two chains suppx and supp y.
• Realize K(D) as a convex polytope in [0, 1]n and represent x, y in the b-coordinate.
• t 7→ (1− t)x+ ty is a geodesic between x and y.
Next we introduce I(p, q) as the metric interval of p, q. The covering graph of L is
the undirected graph on L such that each pair {u, v} has an edge if and only if (u, v) or
(v, u) is a covering pair. Let dL denote the shortest path metric of the covering graph
of L. For p, q ∈ L, define I(p, q) by
I(p, q) := {u ∈ L | dL(p, q) = dL(p, u) + dL(u, q)}.
For two subsets B, C ⊆ L, let B ∨ C denote the set of elements u that is represented as
u = b ∨ c for some b ∈ B and c ∈ C.
Lemma 3.5 ([18, Lemma 2.15]). For p, q ∈ L, we have the following.
(1) dL(p, q) = r[p ∧ q, p] + r[p ∧ q, q].
(2) I(p, q) = [p ∧ q, p] ∨ [p ∧ q, p].
(3) If u = b ∨ c for b ∈ [p ∧ q, p], c ∈ [p ∧ q, q], then b = p ∧ u and c = q ∧ u.
(4) I(p, q) is a modular subsemilattice in L. For u, u′ ∈ I(p, q), it holds u ∧ u′ =
(u ∧ u′ ∧ p) ∨ (u ∧ u′ ∧ q).
As mentioned in (P2), every geodesic connecting x ∈ K(I(p)) and y ∈ K(I(q))
with p ∧ q = 0 belongs to K(I(p, q)). We prove this fact in Proposition 3.9. In the
case of median semilattice, one can directly derive this fact by showing that map u 7→
(p∧u)∨(q∧u) is an order-preserving nonexpansive retraction (that actually corresponds
to the projection in (R1)). However this map is not nonexpansive for general modular
semilattices.
We extend the concept of an arch in I(p, q). An arch between p and q is a sequence
(p = u0, u1, u2, . . . , um = q) in I(p, q) such that
ui ∧ p  uj ∧ p, ui ∧ q ≺ uj ∧ q (0 ≤ i < j ≤ m). (3.4)
Observe that this actually generalizes the definition (2.4) of an arch in Section 2.2.
Lemma 3.6. Let A = (p = u0, u1, u2, . . . , um = q) be an arch between p and q.
(1) I˜(A) := ⋃mi=0 I(ui) is a modular subsemilattice, and K(I˜(A)) is a CAT(0) sub-
space of K(L).
(2) The same holds for I(A) := ⋃mi=0 I(ui) ∩ I(p, q).
(3) If p ∧ q = 0, then there is an order-preserving nonexpansive retraction from I˜(A)
to I(A).
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Figure 4: Construction of ϕ
Proof. (1). Let Ik := ⋃ki=0 I(ui) for k = 0, 1, 2, . . . ,m. We show that
I(uk+1) ∩ Ik = I(uk+1 ∧ uk).
Observe that (⊇) is obvious. We show the converse. Take v ∈ I(uk+1) ∩ Ik. Then
v belongs to I(uk+1) ∩ I(uj) = I(uk+1 ∧ uj) for some j ≤ k. By Lemma 3.5 (4) and
(3.4), we have uk+1 ∧ uj = (uk+1 ∧ uj ∧ p) ∨ (uk+1 ∧ uj ∧ q) = (uk+1 ∧ p) ∨ (uj ∧ q) 
(uk+1 ∧ p) ∨ (uk ∧ q) = uk+1 ∧ uk. Hence v belongs to I(uk+1 ∧ uk).
Suppose by induction that Ik is a modular semilattice, and K(Ik) is CAT(0); the
base case k = 0 follows from Theorem 1.1 and the fact that I(p) is a modular lattice.
Then Ik+1 is a gated amalgam of modular semilattices Ik and I(uk+1) along gated
sub(semi)lattice I(uk+1 ∧ uk) in the sense of [12, Section 7.1]. Then Ik+1 is also a
modular semilattice, and K(Ik+1) is CAT(0) by [12, Proposition 7.5].
(2) follows from (1) by taking L as I(p, q).
(3). Take an arbitrary v ∈ I˜(A). Let v be the maximum element in I(A) less than
or equal to v, which is well-defined and given by
v = (v ∧ p) ∨ (v ∧ q).
Indeed, if v  w ∈ I(p, q), then w = (w∧p)∨ (w∧ q)  (v∧p)∨ (v∧ q) = v. Let v be the
minimum element in I(A) greater than or equal to v; it is also well-defined since I(p, q)
is a subsemilattice. Then v  v  v, and v ∈ I(A) if and only if v = v = v. Define ϕ(v)
by
ϕ(v) := (v ∧ p) ∨ (v ∧ q) ∈ I(p, q). (3.5)
Then v  ui implies ϕ(v)  ui. This gives rise to a map ϕ : I˜(A)→ I(A).
We show that ϕ is an order-preserving nonexpansive retraction. Figure 4 may be
helpful to understand ϕ and the following argument. Here ϕ is actually a retraction by
ϕ(v) = (v ∧ p) ∧ (v ∧ q) = v if v = v = v. Take u ∈ I(A) with v  u. Suppose that
u = s ∨ t for s := u ∧ p and t := u ∧ q. Then we have
v = (v ∧ s) ∨ (v ∧ t), v = (v ∨ s) ∧ (v ∨ t). (3.6)
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Indeed, if w  v and w ∈ I(p, q), then w = (w ∧ p) ∨ (w ∧ q) = (w ∧ s) ∨ (w ∧ t) 
(v ∧ s) ∨ (v ∧ t); notice w  u implies w ∧ p  u ∧ p = s and w ∧ p = w ∧ p ∧ s = w ∧ s.
This gives the first equality. Dually, suppose that v  w and w ∈ I(p, q). Then
v  u ∧ w = (u ∧ w ∧ p) ∨ (u ∧ w ∧ q) = (u ∧ w ∧ s) ∨ (u ∧ w ∧ t) ∈ I(s, t). Thus
(v ∨ s) ∧ (v ∨ t)  ((u ∧ w) ∨ s) ∧ ((u ∧ w) ∨ t) = (s ∨ (u ∧ w ∧ t)) ∧ ((u ∧ w ∧ s) ∨ t) =
(u∧w∧ s)∨ (u∧w∧ t) = u∧w  w, where we use the calculation rule (Lemma 3.5 (4))
in I(s, t), such as (u ∧ w) ∨ s = ((u ∧ w ∧ s) ∨ (u ∧ w ∧ t)) ∨ s = s ∨ (u ∧ w ∧ t).
In particular, it holds
v ∧ s = v ∧ s, v ∧ t = v ∧ t, v ∨ s = v ∨ s, v ∨ t = v ∨ t. (3.7)
By (3.6), we have
v ∧ t = (v ∨ s) ∧ (v ∧ t) ∧ t = (v ∨ s) ∧ t. (3.8)
Take v′ ∈ I˜(A) that covers v. Here we can assume that v, v′  u (by retake u if
necessary). We show that ϕ(v′) covers ϕ(v).
Case 1: v′  v. Then v′ ∨ t = v ∨ t (by v′  v  v ∨ t = v ∨ t), and v′ ∨ s = v ∨ s. By
the same argument for the proof of Lemma 2.9 (1), this implies that v′ ∧ s covers v ∧ s
and v′ ∧ t covers v ∧ t. Therefore ϕ(v′) = ((v′ ∨ s)∧ t)∨ (v′ ∧ s) = ((v ∨ s)∧ t)∨ (v′ ∧ s),
which covers ((v ∨ s) ∧ t) ∨ (v ∧ s) = ϕ(v).
Case 2: v′ 6 v. Then v′ 6 v ∨ s = v ∨ s and v′ 6 v ∨ t = v ∨ t. This implies that
v′ ∨ s covers v ∨ s and v′ ∨ t covers v ∨ t, and v′ ∧ s = v ∧ s and v′ ∧ t = v ∧ t. Also
v′ ∧ t = (v′ ∨ s) ∧ t covers (v ∨ s) ∧ t. Therefore ϕ(v′) = (v ∧ s) ∨ ((v′ ∨ s) ∧ t) covers
(v ∧ s) ∨ ((v ∨ s) ∧ t) = ϕ(v).
We call K(I(A)) the path space relative to an arch A. A geodesic in some path space
is called a path-space geodesic. The next lemma is used to reduce path-space geodesics
in K(I(A)) to those in a median orthoscheme complex. Recall Section 2.4 that D is the
Boolean extension of a median semilattice D.
Lemma 3.7. Let A = (p = u0, u1, . . . , um = q) be an arch, and let Π and Σ be maximal
chains in I(p) and I(q), respectively. There are distributive sublattices B of I(p) and C
of I(q) satisfying the following properties:
(1) B contains Π and (p ∧ q) ∧Σ.
(2) C contains Σ and (p ∧ q) ∧Π.
(3) B ∨ C contains A.
(4) B ∨ C is a median subsemilattice represented by a semi-bipartite PIP.
(5) If p ∧ q = 0, then there is a nonexpansive order-preserving map from I(A) to
(B ∨ C) such that it is identity on (B ∨ C)(A) := I(A) ∩ (B ∨ C).
Proof. Consider chains Π ′ := (p ∧ q = um ∧ p ≺ um−1 ∧ p ≺ · · · ≺ u0 ∧ p = p) and
Σ′ := (p ∧ q = u0 ∧ q ≺ u1 ∧ q ≺ · · · ≺ um ∧ q = q). By Lemma 3.3, we can take
distributive sublattices B of I(p) and C of I(q) such that B contains Π, Π ′, (p∧ q)∧Σ,
and C contains Σ, Σ′, (p ∧ q) ∧Π. Then A ⊆ Π ′ ∨Σ′ ⊆ B ∨ C.
A semi-bipartite PIP representing B ∨ C is constructed as follows. Let B and C
be the sets of join-irreducible elements of distributive lattices B and C, respectively. By
property (3) in Lemma 3.3, B∩C is the set of join-irreducible elements in B∩C = I(p∧q).
Define PIP G on vertex set B∪C, where the partial order is the restriction of L and an
edge is given to each unbounded pair. Then it is easy to verify that B ∨ C is isomorphic
23
to S(G): For p ∈ B ∨ C, consider the set of join-irreducible elements a  p, which is
a stable ideal in G. Conversely, for a stable ideal, consider the join of all elements in
the stable ideal, which exists by (LFL) and belongs to B ∨ C. Observe that G is a
semi-bipartite PIP with tri-partition B′, C ′, Z, where B′ = B \ Z and C ′ = C \ Z for
some Z ⊇ B ∩ C.
Next we define a nonexpansive order-preserving map φ : I(A)→ (B ∨ C) to show (5).
Suppose that B = {b1, b2, . . . , bk} and C = {c1, c2, . . . , cl}, where B∩C = ∅ by p∧q = 0.
Consider a maximal chain of I(p) containing ui ∧ p (i = 0, 1, . . . ,m). We can assume
that this chain is given by b1 ∨ · · · ∨ bi (i = 0, 1, . . . , k). Similarly we can assume that
c1 ∨ · · · ∨ ci (i = 0, 1, . . . , l) is a maximal chain containing ui ∧ q (i = 0, 1, . . . ,m). Define
map φB : I(p) → B = 2B by (3.3) for the chain b1 ∨ · · · ∨ bi. By Lemma 3.4, φB
is a nonexpansive order-preserving map fixing B. Define φC : I(q) → C for the chain
c1 ∨ · · · ∨ ci similarly. Now define map φ : I(A)→ (B ∨ C) by
φ(u) := φB(s) ∪ φC(t) (u = s ∨ t ∈ I(A) : s ∈ I(p), t ∈ I(q)).
Notice from Lemma 3.5 (2) and (3) that the expression u = s∨ t is possible and unique.
We need to verify that φB(s)∪φC(t) belongs to (B ∨ C). Indeed, from s∨ t  ui for some
i, it holds that s  ui ∧ p and t  ui ∧ q. Since the above chain contains ui ∧ p, we have
φB(s) ⊆ φB(ui∧p). Similarly we have φC(t) ⊆ φC(ui∧q). This means that φB(s)∪φC(t)
consists of join-irreducible elements in I(ui), and belongs to (B ∨ C) (since there is no
edge among them). By construction, φ fixes (B ∨ C)(A). The nonexpansiveness of φ
follows from that of φB and φC (Lemma 3.4).
We call the above B ∨ C a distributive frame.
3.2 Geodesics
The goal of this subsection is to prove the unique geodesic property (Theorem 3.1). For
x ∈ K(L), denote by τ(x) the maximum element in suppx, i.e., if x = ∑ki=0 λipi with
λk 6= 0 then τ(x) = pk. Equivalently, τ(x) is the minimum element u such that K(I(u))
contains x.
We start with a general property of geodesics in K(L).
Proposition 3.8. Let P be a geodesic in K(L). Then there are 0 = t0 < t1 < · · · <
tm+1 = 1 (m ≥ 0) and u0, u1, . . . , um ∈ L satisfying the following:
(1) τ(P (t)) = ui for ti < t < ti+1 and 0 ≤ i ≤ m.
(2) τ(P (0))  u0, τ(P (1))  um, and τ(P (ti))  ui−1 ∧ ui for 1 ≤ i ≤ m.
(3) The join of ui−1 and ui does not exist for 1 ≤ i ≤ m.
Proof. Let t ∈ (0, 1). Choose a sufficiently small  > 0. Then P (t− ) and P (t) belong a
common simplex of chain C and P (t) and P (t+ ) belong to a common simplex of chain
C ′. Let x := P (t), x− := P (t − ), and x+ := P (t + ). Let u := τ(x), u− := τ(x−),
and u+ := τ(x+). Necessarily u− and u are comparable, and u+ and u are comparable.
Now  > 0 is small. By continuity of P , both u+ ≺ u and u− ≺ u are impossible. (By
this argument, we also see that τ(P (0))  τ(P ()) and τ(P (1))  τ(P (1− )).)
We next show that u− = u ≺ u+ cannot occur. Suppose to the contrary that u− =
u ≺ u+ holds. Then the chains C and C ′ belong to a modular lattice I(u+). According
to the Dedekind–Birkhoff theorem (or Lemma 3.3), there is a distributive sublattice B
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of I(u+) such that K(B) contains C,C ′. Suppose that x−, x, x+ are represented in the
b-coordinate as
x− =
∑
i
µ−i bi, x =
∑
i
µibi, x
+ =
∑
i
µ+i bi, (3.9)
where bi are join-irreducible elements of B. By u− = u ≺ u+, at least one of µi is zero,
and all of µ+i are nonzero. However x is the midpoint of x
− and x+ in convex polytope
K(B) ⊆ [0, 1]n. Then µi = (µ−i + µ+i )/2 must hold. This is a contradiction. Similarly,
u− ≺ u = u+ is also impossible. Thus u− = u = u+ or u−  u ≺ u+ holds.
Suppose that u−  u ≺ u+ holds. We show that the join of u− and u+ does not exist.
Suppose not. Then the chains C and C ′ belong to a modular lattice I(u−∨u+). Choose
a distributive sublattice B of I(u+ ∨ u−) such that K(B) contains C,C ′. Represent
x−, x, x+ in the b-coordinate as (3.9). By u−  u ≺ u+, it must hold {i | µ−i > 0} ⊃ {i |
µi > 0} ⊂ {i | µ+i > 0}. However this is a contradiction since µi = (µ−i + µ+i )/2 must
hold.
Since any geodesic meets a finite number of simplices, we conclude the existence of
ui and ti with (1-3).
The sequence (u0, u1, . . . , um) determined by a geodesic P is called the P -sequence.
We say that x, y ∈ K(L) are orthogonal if for p = τ(x) and q = τ(y) it hold
ωq(p) = ωp(q) = p∧q = 0. From now, let us fix an orthogonal pair x, y ∈ K(L). Suppose
that p = τ(x) and q = τ(y). We study geodesics connecting x, y. The following shows
that any geodesic connecting x, y must be a path-space geodesic, which establishes (R3).
Proposition 3.9. (1) For a geodesic P connecting x and y, the P -sequence is an
arch A for I(p, q); in particular, P belongs to K(I˜(A)) and K(I(A)).
(2) For two geodesics P, P ′ connecting x and y, if the P -sequence and the P ′-sequence
are equal, then P and P ′ are equal.
Proof. (1). Let (u0, u1, . . . , um) be the P -sequence. Define pi (i = 0, 1, . . . ,m) by p0 :=
p ∧ u0 and
pi := pi−1 ∧ ui ∧ p = pi−1 ∧ ui (i = 1, 2, . . . ,m).
Then p = p0  p1  · · ·  pm = 0, where p = p0 follows from Proposition 3.8 (2) and
pm = 0 follows from the orthogonality and q  um (Proposition 3.8 (2)). Similarly,
define qi (i = 0, 1, . . . ,m) by qm := q ∧ um and
qi := qi+1 ∧ ui ∧ q = qi+1 ∧ ui (i = 1, 2, . . . ,m).
Then q = qm  qm−1  · · ·  q0 = 0. Observe that pi and qi have upper bound ui and
have join. For i = 0, 1, 2, . . . ,m, let u¯i := pi∨qi, which belongs to I(p, q) (Lemma 3.5 (2)).
See Figure 5 for construction of u¯0, u¯1, . . . , u¯m.
Let 0 = t0 < t1 < · · · < tm+1 = 1 be the moments for which τ(P (ti))  ui−1 ∧ ui for
i = 1, 2, . . . ,m+ 1. We are going to show that P ′ : [0, 1]→ K(I˜(A)) defined by
P ′(t) := u¯i ∧ P (t) (t ∈ [ti, ti+1], i = 0, 1, . . . ,m)
is a well-defined (x, y)-path in K(I˜(A)). Notice from u¯0 = p and u¯m = q that P ′(0) = x
and P ′(1) = y. We have to show that
u¯i−1 ∧ P (ti) = u¯i ∧ P (ti) (i = 1, 2, . . . ,m). (3.10)
We show
u¯i−1 ∧ ui = ui−1 ∧ u¯i (i = 1, 2, . . . ,m). (3.11)
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u4
<latexit sha1_base64="fUptLARbe0ej1Qi+oX9aSlbAQLU=">AAACZ3ichV HLSsNAFD2Nr1ofrQpScFMtiqtyI4LiSnTjUltbhVpKEqc1mCYhSQta/AEXbiu4UhARP8ONP+Cin1BcVnDjwps0ICrqHWbmzJl77pyZUW1Ddz2idkTq6x8YHIoOx0 ZGx8bjiYnJgmvVHU3kNcuwnH1VcYWhmyLv6Z4h9m1HKDXVEHvq8aa/v9cQjqtb5q53YotSTamaekXXFM+n6uXlWDmRpgwFkfoJ5BCkEca2lbjDAQ5hQUMdNQiY8 BgbUOByK0IGwWauhCZzDiM92Bc4Q4y1dc4SnKEwe8xjlVfFkDV57dd0A7XGpxjcHVamME/PdE9deqIH6tD7r7WaQQ3fywnPak8r7HL8PJl7+1dV49nD0afqT88eK lgNvOrs3Q4Y/xZaT984bXVza9n55gLd0Av7v6Y2PfINzMardrsjslfwP0D+/tw/QWEpI1NG3llOr2+EXxHFDOawyO+9gnVsYRt5PvcIF2jhMtKR4tK0lOylSpFQ M4UvIc1+AJzhirA=</latexit><latexit sha1_base64="fUptLARbe0ej1Qi+oX9aSlbAQLU=">AAACZ3ichV HLSsNAFD2Nr1ofrQpScFMtiqtyI4LiSnTjUltbhVpKEqc1mCYhSQta/AEXbiu4UhARP8ONP+Cin1BcVnDjwps0ICrqHWbmzJl77pyZUW1Ddz2idkTq6x8YHIoOx0 ZGx8bjiYnJgmvVHU3kNcuwnH1VcYWhmyLv6Z4h9m1HKDXVEHvq8aa/v9cQjqtb5q53YotSTamaekXXFM+n6uXlWDmRpgwFkfoJ5BCkEca2lbjDAQ5hQUMdNQiY8 BgbUOByK0IGwWauhCZzDiM92Bc4Q4y1dc4SnKEwe8xjlVfFkDV57dd0A7XGpxjcHVamME/PdE9deqIH6tD7r7WaQQ3fywnPak8r7HL8PJl7+1dV49nD0afqT88eK lgNvOrs3Q4Y/xZaT984bXVza9n55gLd0Av7v6Y2PfINzMardrsjslfwP0D+/tw/QWEpI1NG3llOr2+EXxHFDOawyO+9gnVsYRt5PvcIF2jhMtKR4tK0lOylSpFQ M4UvIc1+AJzhirA=</latexit><latexit sha1_base64="fUptLARbe0ej1Qi+oX9aSlbAQLU=">AAACZ3ichV HLSsNAFD2Nr1ofrQpScFMtiqtyI4LiSnTjUltbhVpKEqc1mCYhSQta/AEXbiu4UhARP8ONP+Cin1BcVnDjwps0ICrqHWbmzJl77pyZUW1Ddz2idkTq6x8YHIoOx0 ZGx8bjiYnJgmvVHU3kNcuwnH1VcYWhmyLv6Z4h9m1HKDXVEHvq8aa/v9cQjqtb5q53YotSTamaekXXFM+n6uXlWDmRpgwFkfoJ5BCkEca2lbjDAQ5hQUMdNQiY8 BgbUOByK0IGwWauhCZzDiM92Bc4Q4y1dc4SnKEwe8xjlVfFkDV57dd0A7XGpxjcHVamME/PdE9deqIH6tD7r7WaQQ3fywnPak8r7HL8PJl7+1dV49nD0afqT88eK lgNvOrs3Q4Y/xZaT984bXVza9n55gLd0Av7v6Y2PfINzMardrsjslfwP0D+/tw/QWEpI1NG3llOr2+EXxHFDOawyO+9gnVsYRt5PvcIF2jhMtKR4tK0lOylSpFQ M4UvIc1+AJzhirA=</latexit><latexit sha1_base64="fUptLARbe0ej1Qi+oX9aSlbAQLU=">AAACZ3ichV HLSsNAFD2Nr1ofrQpScFMtiqtyI4LiSnTjUltbhVpKEqc1mCYhSQta/AEXbiu4UhARP8ONP+Cin1BcVnDjwps0ICrqHWbmzJl77pyZUW1Ddz2idkTq6x8YHIoOx0 ZGx8bjiYnJgmvVHU3kNcuwnH1VcYWhmyLv6Z4h9m1HKDXVEHvq8aa/v9cQjqtb5q53YotSTamaekXXFM+n6uXlWDmRpgwFkfoJ5BCkEca2lbjDAQ5hQUMdNQiY8 BgbUOByK0IGwWauhCZzDiM92Bc4Q4y1dc4SnKEwe8xjlVfFkDV57dd0A7XGpxjcHVamME/PdE9deqIH6tD7r7WaQQ3fywnPak8r7HL8PJl7+1dV49nD0afqT88eK lgNvOrs3Q4Y/xZaT984bXVza9n55gLd0Av7v6Y2PfINzMardrsjslfwP0D+/tw/QWEpI1NG3llOr2+EXxHFDOawyO+9gnVsYRt5PvcIF2jhMtKR4tK0lOylSpFQ M4UvIc1+AJzhirA=</latexit>
u¯1
<latexit sha1_base64="gwiqVYFagzxXK7mbz/vPH4+aerc=">AAACa3ichVHLSsN AFD2N7/po1Y2oi2KpuCo3IiiuRDcu+7APUClJnNbQNAlJWqjFH3DpxoVuFETEz3DjD7joJ4i4quDGhbdpQFTUGyZz5sw9d87cUW1Ddz2idkjq6x8YHBoeCY+OjU9EopNTedeq O5rIaZZhOUVVcYWhmyLn6Z4hirYjlJpqiIJa3eruFxrCcXXL3PGattivKRVTL+ua4jFV3FMVJ1YvyaVonJLkR+wnkAMQRxApK3qDPRzAgoY6ahAw4TE2oMDlbxcyCDZz+2gx5 zDS/X2BY4RZW+cswRkKs1X+V3i1G7Amr7s1XV+t8SkGD4eVMSTokW6pQw90R0/0/mutll+j66XJs9rTCrsUOZnJvv2rqvHs4fBT9adnD2Ws+V519m77TPcWWk/fODrrZNczidY iXdEz+7+kNt3zDczGq3adFplzhPkB5O/t/gnyy0mZknJ6Jb6xGTzFMOawgCXu9yo2sI0Ucn6fT3GOi9CLNC3NSvO9VCkUaKbxJaTEB4KWjHw=</latexit><latexit sha1_base64="gwiqVYFagzxXK7mbz/vPH4+aerc=">AAACa3ichVHLSsN AFD2N7/po1Y2oi2KpuCo3IiiuRDcu+7APUClJnNbQNAlJWqjFH3DpxoVuFETEz3DjD7joJ4i4quDGhbdpQFTUGyZz5sw9d87cUW1Ddz2idkjq6x8YHBoeCY+OjU9EopNTedeq O5rIaZZhOUVVcYWhmyLn6Z4hirYjlJpqiIJa3eruFxrCcXXL3PGattivKRVTL+ua4jFV3FMVJ1YvyaVonJLkR+wnkAMQRxApK3qDPRzAgoY6ahAw4TE2oMDlbxcyCDZz+2gx5 zDS/X2BY4RZW+cswRkKs1X+V3i1G7Amr7s1XV+t8SkGD4eVMSTokW6pQw90R0/0/mutll+j66XJs9rTCrsUOZnJvv2rqvHs4fBT9adnD2Ws+V519m77TPcWWk/fODrrZNczidY iXdEz+7+kNt3zDczGq3adFplzhPkB5O/t/gnyy0mZknJ6Jb6xGTzFMOawgCXu9yo2sI0Ucn6fT3GOi9CLNC3NSvO9VCkUaKbxJaTEB4KWjHw=</latexit><latexit sha1_base64="gwiqVYFagzxXK7mbz/vPH4+aerc=">AAACa3ichVHLSsN AFD2N7/po1Y2oi2KpuCo3IiiuRDcu+7APUClJnNbQNAlJWqjFH3DpxoVuFETEz3DjD7joJ4i4quDGhbdpQFTUGyZz5sw9d87cUW1Ddz2idkjq6x8YHBoeCY+OjU9EopNTedeq O5rIaZZhOUVVcYWhmyLn6Z4hirYjlJpqiIJa3eruFxrCcXXL3PGattivKRVTL+ua4jFV3FMVJ1YvyaVonJLkR+wnkAMQRxApK3qDPRzAgoY6ahAw4TE2oMDlbxcyCDZz+2gx5 zDS/X2BY4RZW+cswRkKs1X+V3i1G7Amr7s1XV+t8SkGD4eVMSTokW6pQw90R0/0/mutll+j66XJs9rTCrsUOZnJvv2rqvHs4fBT9adnD2Ws+V519m77TPcWWk/fODrrZNczidY iXdEz+7+kNt3zDczGq3adFplzhPkB5O/t/gnyy0mZknJ6Jb6xGTzFMOawgCXu9yo2sI0Ucn6fT3GOi9CLNC3NSvO9VCkUaKbxJaTEB4KWjHw=</latexit><latexit sha1_base64="gwiqVYFagzxXK7mbz/vPH4+aerc=">AAACa3ichVHLSsN AFD2N7/po1Y2oi2KpuCo3IiiuRDcu+7APUClJnNbQNAlJWqjFH3DpxoVuFETEz3DjD7joJ4i4quDGhbdpQFTUGyZz5sw9d87cUW1Ddz2idkjq6x8YHBoeCY+OjU9EopNTedeq O5rIaZZhOUVVcYWhmyLn6Z4hirYjlJpqiIJa3eruFxrCcXXL3PGattivKRVTL+ua4jFV3FMVJ1YvyaVonJLkR+wnkAMQRxApK3qDPRzAgoY6ahAw4TE2oMDlbxcyCDZz+2gx5 zDS/X2BY4RZW+cswRkKs1X+V3i1G7Amr7s1XV+t8SkGD4eVMSTokW6pQw90R0/0/mutll+j66XJs9rTCrsUOZnJvv2rqvHs4fBT9adnD2Ws+V519m77TPcWWk/fODrrZNczidY iXdEz+7+kNt3zDczGq3adFplzhPkB5O/t/gnyy0mZknJ6Jb6xGTzFMOawgCXu9yo2sI0Ucn6fT3GOi9CLNC3NSvO9VCkUaKbxJaTEB4KWjHw=</latexit>
u¯2
<latexit sha1_base64="FyGnbGbdmjIfXSmUMkZIvqz8aKY=">AAACa3ichVHLSsNAF D2Nr1pf1W5EXRRLxVW5EUFxJbpx2Vb7gColiVMNTZOQpAUt/oBLNy7qRkFE/Aw3/oALP0HEVQU3LrxNA6JFvWEyZ87cc+fMHdU2dNcjegpJff0Dg0Ph4cjI6Nj4RHRyKu9adUcTOc 0yLKeoKq4wdFPkPN0zRNF2hFJTDVFQq5ud/UJDOK5umTvekS32asqBqVd0TfGYKu6qihOvl5fK0QSlyI94L5ADkEAQaSt6g13sw4KGOmoQMOExNqDA5a8EGQSbuT00mXMY6f6+wAki rK1zluAMhdkq/w94VQpYk9edmq6v1vgUg4fDyjiS9Ei31KYHuqNn+vi1VtOv0fFyxLPa1Qq7PHE6vf3+r6rGs4fDL9Wfnj1UsOp71dm77TOdW2hdfeP4vL29lk02F+iKXtj/JT3RP d/AbLxp1xmRbSHCDyD/bHcvyC+lZErJmeXE+kbwFGHMYh6L3O8VrGMLaeT8Pp+hhYvQqxSTZqS5bqoUCjQxfAsp+QmElox9</latexit><latexit sha1_base64="FyGnbGbdmjIfXSmUMkZIvqz8aKY=">AAACa3ichVHLSsNAF D2Nr1pf1W5EXRRLxVW5EUFxJbpx2Vb7gColiVMNTZOQpAUt/oBLNy7qRkFE/Aw3/oALP0HEVQU3LrxNA6JFvWEyZ87cc+fMHdU2dNcjegpJff0Dg0Ph4cjI6Nj4RHRyKu9adUcTOc 0yLKeoKq4wdFPkPN0zRNF2hFJTDVFQq5ud/UJDOK5umTvekS32asqBqVd0TfGYKu6qihOvl5fK0QSlyI94L5ADkEAQaSt6g13sw4KGOmoQMOExNqDA5a8EGQSbuT00mXMY6f6+wAki rK1zluAMhdkq/w94VQpYk9edmq6v1vgUg4fDyjiS9Ei31KYHuqNn+vi1VtOv0fFyxLPa1Qq7PHE6vf3+r6rGs4fDL9Wfnj1UsOp71dm77TOdW2hdfeP4vL29lk02F+iKXtj/JT3RP d/AbLxp1xmRbSHCDyD/bHcvyC+lZErJmeXE+kbwFGHMYh6L3O8VrGMLaeT8Pp+hhYvQqxSTZqS5bqoUCjQxfAsp+QmElox9</latexit><latexit sha1_base64="FyGnbGbdmjIfXSmUMkZIvqz8aKY=">AAACa3ichVHLSsNAF D2Nr1pf1W5EXRRLxVW5EUFxJbpx2Vb7gColiVMNTZOQpAUt/oBLNy7qRkFE/Aw3/oALP0HEVQU3LrxNA6JFvWEyZ87cc+fMHdU2dNcjegpJff0Dg0Ph4cjI6Nj4RHRyKu9adUcTOc 0yLKeoKq4wdFPkPN0zRNF2hFJTDVFQq5ud/UJDOK5umTvekS32asqBqVd0TfGYKu6qihOvl5fK0QSlyI94L5ADkEAQaSt6g13sw4KGOmoQMOExNqDA5a8EGQSbuT00mXMY6f6+wAki rK1zluAMhdkq/w94VQpYk9edmq6v1vgUg4fDyjiS9Ei31KYHuqNn+vi1VtOv0fFyxLPa1Qq7PHE6vf3+r6rGs4fDL9Wfnj1UsOp71dm77TOdW2hdfeP4vL29lk02F+iKXtj/JT3RP d/AbLxp1xmRbSHCDyD/bHcvyC+lZErJmeXE+kbwFGHMYh6L3O8VrGMLaeT8Pp+hhYvQqxSTZqS5bqoUCjQxfAsp+QmElox9</latexit><latexit sha1_base64="FyGnbGbdmjIfXSmUMkZIvqz8aKY=">AAACa3ichVHLSsNAF D2Nr1pf1W5EXRRLxVW5EUFxJbpx2Vb7gColiVMNTZOQpAUt/oBLNy7qRkFE/Aw3/oALP0HEVQU3LrxNA6JFvWEyZ87cc+fMHdU2dNcjegpJff0Dg0Ph4cjI6Nj4RHRyKu9adUcTOc 0yLKeoKq4wdFPkPN0zRNF2hFJTDVFQq5ud/UJDOK5umTvekS32asqBqVd0TfGYKu6qihOvl5fK0QSlyI94L5ADkEAQaSt6g13sw4KGOmoQMOExNqDA5a8EGQSbuT00mXMY6f6+wAki rK1zluAMhdkq/w94VQpYk9edmq6v1vgUg4fDyjiS9Ei31KYHuqNn+vi1VtOv0fFyxLPa1Qq7PHE6vf3+r6rGs4fDL9Wfnj1UsOp71dm77TOdW2hdfeP4vL29lk02F+iKXtj/JT3RP d/AbLxp1xmRbSHCDyD/bHcvyC+lZErJmeXE+kbwFGHMYh6L3O8VrGMLaeT8Pp+hhYvQqxSTZqS5bqoUCjQxfAsp+QmElox9</latexit>
u¯3
<latexit sha1_base64="yK/wyGt5Y3FDSlBEFbZSZiGVhlk=">AAACa3ichVE9S8 NQFD2NX7V+tOoi6lAsFadyo4LiJLo4qrW20JaSxFcNTZOQpIVa/AOOLg66KIiIP8PFP+DQnyDipODi4G0aEC3qDS/vvPPuue+8+1Tb0F2PqBWSenr7+gfCg5Gh4ZHRaGxs fM+1ao4mMpplWE5OVVxh6KbIeLpniJztCKWqGiKrVjba+9m6cFzdMne9hi2KVeXA1Mu6pnhM5Qqq4sRrpcVSLEEp8iPeDeQAJBDElhW7QQH7sKChhioETHiMDShw+ctDBs Fmrogmcw4j3d8XOEaEtTXOEpyhMFvh/wGv8gFr8rpd0/XVGp9i8HBYGUeSHumWXumB7uiJPn6t1fRrtL00eFY7WmGXoieT6fd/VVWePRx+qf707KGMFd+rzt5tn2nfQuvo 60dnr+nVnWRzjq7omf1fUovu+QZm/U273hY754jwA8g/290N9hZSMqXk7aXE2nrwFGFMYxbz3O9lrGETW8j4fT7FOS5CL9KENCXNdFKlUKCZwLeQkp+Glox+</latexit><latexit sha1_base64="yK/wyGt5Y3FDSlBEFbZSZiGVhlk=">AAACa3ichVE9S8 NQFD2NX7V+tOoi6lAsFadyo4LiJLo4qrW20JaSxFcNTZOQpIVa/AOOLg66KIiIP8PFP+DQnyDipODi4G0aEC3qDS/vvPPuue+8+1Tb0F2PqBWSenr7+gfCg5Gh4ZHRaGxs fM+1ao4mMpplWE5OVVxh6KbIeLpniJztCKWqGiKrVjba+9m6cFzdMne9hi2KVeXA1Mu6pnhM5Qqq4sRrpcVSLEEp8iPeDeQAJBDElhW7QQH7sKChhioETHiMDShw+ctDBs Fmrogmcw4j3d8XOEaEtTXOEpyhMFvh/wGv8gFr8rpd0/XVGp9i8HBYGUeSHumWXumB7uiJPn6t1fRrtL00eFY7WmGXoieT6fd/VVWePRx+qf707KGMFd+rzt5tn2nfQuvo 60dnr+nVnWRzjq7omf1fUovu+QZm/U273hY754jwA8g/290N9hZSMqXk7aXE2nrwFGFMYxbz3O9lrGETW8j4fT7FOS5CL9KENCXNdFKlUKCZwLeQkp+Glox+</latexit><latexit sha1_base64="yK/wyGt5Y3FDSlBEFbZSZiGVhlk=">AAACa3ichVE9S8 NQFD2NX7V+tOoi6lAsFadyo4LiJLo4qrW20JaSxFcNTZOQpIVa/AOOLg66KIiIP8PFP+DQnyDipODi4G0aEC3qDS/vvPPuue+8+1Tb0F2PqBWSenr7+gfCg5Gh4ZHRaGxs fM+1ao4mMpplWE5OVVxh6KbIeLpniJztCKWqGiKrVjba+9m6cFzdMne9hi2KVeXA1Mu6pnhM5Qqq4sRrpcVSLEEp8iPeDeQAJBDElhW7QQH7sKChhioETHiMDShw+ctDBs Fmrogmcw4j3d8XOEaEtTXOEpyhMFvh/wGv8gFr8rpd0/XVGp9i8HBYGUeSHumWXumB7uiJPn6t1fRrtL00eFY7WmGXoieT6fd/VVWePRx+qf707KGMFd+rzt5tn2nfQuvo 60dnr+nVnWRzjq7omf1fUovu+QZm/U273hY754jwA8g/290N9hZSMqXk7aXE2nrwFGFMYxbz3O9lrGETW8j4fT7FOS5CL9KENCXNdFKlUKCZwLeQkp+Glox+</latexit><latexit sha1_base64="yK/wyGt5Y3FDSlBEFbZSZiGVhlk=">AAACa3ichVE9S8 NQFD2NX7V+tOoi6lAsFadyo4LiJLo4qrW20JaSxFcNTZOQpIVa/AOOLg66KIiIP8PFP+DQnyDipODi4G0aEC3qDS/vvPPuue+8+1Tb0F2PqBWSenr7+gfCg5Gh4ZHRaGxs fM+1ao4mMpplWE5OVVxh6KbIeLpniJztCKWqGiKrVjba+9m6cFzdMne9hi2KVeXA1Mu6pnhM5Qqq4sRrpcVSLEEp8iPeDeQAJBDElhW7QQH7sKChhioETHiMDShw+ctDBs Fmrogmcw4j3d8XOEaEtTXOEpyhMFvh/wGv8gFr8rpd0/XVGp9i8HBYGUeSHumWXumB7uiJPn6t1fRrtL00eFY7WmGXoieT6fd/VVWePRx+qf707KGMFd+rzt5tn2nfQuvo 60dnr+nVnWRzjq7omf1fUovu+QZm/U273hY754jwA8g/290N9hZSMqXk7aXE2nrwFGFMYxbz3O9lrGETW8j4fT7FOS5CL9KENCXNdFKlUKCZwLeQkp+Glox+</latexit>
p = p0 = u¯0
<latexit sha1_base64="zld3a9qW0tQmPWTCEQcYjNZNANw=">AAACcXichVHLSsNAFD2Nr1pfVTe Km9JSEYRyI4IiFEQ3LvuwD/BRkjhqME1Ckha0+AP+gIIrCyLiZ7jxB1z0E8RlBTcuvE0DokW9w8ycOXPPnTMzqm3orkfUCkl9/QODQ+HhyMjo2PhEdHKq6Fo1RxMFzTIsp6wqrjB0UxQ83TNE2XaEUlUNUVJ PNjv7pbpwXN0yt71TW+xVlSNTP9Q1xWNq307bFUrvqooTq1WoEk1QivyI9QI5AAkEkbGid9jFASxoqKEKARMeYwMKXG47kEGwmdtDgzmHke7vC5wjwtoaZwnOUJg94fGIVzsBa/K6U9P11RqfYnB3WBlDkp7p ntr0RA/0Qh+/1mr4NTpeTnlWu1phVyYuZvLv/6qqPHs4/lL96dnDIVZ9rzp7t32mcwutq6+fXbbza7lkY56a9Mr+b6hFj3wDs/6m3WZF7hoR/gD553P3guJSSqaUnF1OrG8EXxHGHOJY4PdewTq2kEGBz3Vw hRs0Q21pVopJ8W6qFAo00/gW0uInSD2OoA==</latexit><latexit sha1_base64="zld3a9qW0tQmPWTCEQcYjNZNANw=">AAACcXichVHLSsNAFD2Nr1pfVTe Km9JSEYRyI4IiFEQ3LvuwD/BRkjhqME1Ckha0+AP+gIIrCyLiZ7jxB1z0E8RlBTcuvE0DokW9w8ycOXPPnTMzqm3orkfUCkl9/QODQ+HhyMjo2PhEdHKq6Fo1RxMFzTIsp6wqrjB0UxQ83TNE2XaEUlUNUVJ PNjv7pbpwXN0yt71TW+xVlSNTP9Q1xWNq307bFUrvqooTq1WoEk1QivyI9QI5AAkEkbGid9jFASxoqKEKARMeYwMKXG47kEGwmdtDgzmHke7vC5wjwtoaZwnOUJg94fGIVzsBa/K6U9P11RqfYnB3WBlDkp7p ntr0RA/0Qh+/1mr4NTpeTnlWu1phVyYuZvLv/6qqPHs4/lL96dnDIVZ9rzp7t32mcwutq6+fXbbza7lkY56a9Mr+b6hFj3wDs/6m3WZF7hoR/gD553P3guJSSqaUnF1OrG8EXxHGHOJY4PdewTq2kEGBz3Vw hRs0Q21pVopJ8W6qFAo00/gW0uInSD2OoA==</latexit><latexit sha1_base64="zld3a9qW0tQmPWTCEQcYjNZNANw=">AAACcXichVHLSsNAFD2Nr1pfVTe Km9JSEYRyI4IiFEQ3LvuwD/BRkjhqME1Ckha0+AP+gIIrCyLiZ7jxB1z0E8RlBTcuvE0DokW9w8ycOXPPnTMzqm3orkfUCkl9/QODQ+HhyMjo2PhEdHKq6Fo1RxMFzTIsp6wqrjB0UxQ83TNE2XaEUlUNUVJ PNjv7pbpwXN0yt71TW+xVlSNTP9Q1xWNq307bFUrvqooTq1WoEk1QivyI9QI5AAkEkbGid9jFASxoqKEKARMeYwMKXG47kEGwmdtDgzmHke7vC5wjwtoaZwnOUJg94fGIVzsBa/K6U9P11RqfYnB3WBlDkp7p ntr0RA/0Qh+/1mr4NTpeTnlWu1phVyYuZvLv/6qqPHs4/lL96dnDIVZ9rzp7t32mcwutq6+fXbbza7lkY56a9Mr+b6hFj3wDs/6m3WZF7hoR/gD553P3guJSSqaUnF1OrG8EXxHGHOJY4PdewTq2kEGBz3Vw hRs0Q21pVopJ8W6qFAo00/gW0uInSD2OoA==</latexit><latexit sha1_base64="zld3a9qW0tQmPWTCEQcYjNZNANw=">AAACcXichVHLSsNAFD2Nr1pfVTe Km9JSEYRyI4IiFEQ3LvuwD/BRkjhqME1Ckha0+AP+gIIrCyLiZ7jxB1z0E8RlBTcuvE0DokW9w8ycOXPPnTMzqm3orkfUCkl9/QODQ+HhyMjo2PhEdHKq6Fo1RxMFzTIsp6wqrjB0UxQ83TNE2XaEUlUNUVJ PNjv7pbpwXN0yt71TW+xVlSNTP9Q1xWNq307bFUrvqooTq1WoEk1QivyI9QI5AAkEkbGid9jFASxoqKEKARMeYwMKXG47kEGwmdtDgzmHke7vC5wjwtoaZwnOUJg94fGIVzsBa/K6U9P11RqfYnB3WBlDkp7p ntr0RA/0Qh+/1mr4NTpeTnlWu1phVyYuZvLv/6qqPHs4/lL96dnDIVZ9rzp7t32mcwutq6+fXbbza7lkY56a9Mr+b6hFj3wDs/6m3WZF7hoR/gD553P3guJSSqaUnF1OrG8EXxHGHOJY4PdewTq2kEGBz3Vw hRs0Q21pVopJ8W6qFAo00/gW0uInSD2OoA==</latexit>
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<latexit sha1_base64="cnC4aGLMXpnJL5DA FtxDG7HSfDE=">AAACcHichVHLSsNAFD2N7/qquhFcWC0VcVFuRFAEQXTj0lb7gFpKEqcamiZp kha0+AP+gAs3KoiIn+HGH3DhJ4g7K7hx4W0aEC3qHWbmzJl77pyZUW1Ddz2ip5DU1d3T29c/EB 4cGh4ZjYyNZ1yr5mgirVmG5eRUxRWGboq0p3uGyNmOUCqqIbJqebO1n60Lx9Utc9c7skWhohyYe knXFI+pQrVI0bWoXVzikYqRGCXIj2gnkAMQQxDbVuQGe9iHBQ01VCBgwmNsQIHLLQ8ZBJu5Ahr MOYx0f1/gBGHW1jhLcIbCbJnHA17lA9bkdaum66s1PsXg7rAyijg90i016YHu6Jk+fq3V8Gu0v BzxrLa1wi6Onk7uvP+rqvDs4fBL9adnDyWs+F519m77TOsWWltfPz5r7qym4o05uqIX9n9JT3TP NzDrb9p1UqTOEeYPkH8+dyfILCZkSsjJpdj6RvAV/ZjCLOb5vZexji1sI83nVnGGC1yGXqVJaV qaaadKoUAzgW8hLXwCNzaNJQ==</latexit><latexit sha1_base64="cnC4aGLMXpnJL5DA FtxDG7HSfDE=">AAACcHichVHLSsNAFD2N7/qquhFcWC0VcVFuRFAEQXTj0lb7gFpKEqcamiZp kha0+AP+gAs3KoiIn+HGH3DhJ4g7K7hx4W0aEC3qHWbmzJl77pyZUW1Ddz2ip5DU1d3T29c/EB 4cGh4ZjYyNZ1yr5mgirVmG5eRUxRWGboq0p3uGyNmOUCqqIbJqebO1n60Lx9Utc9c7skWhohyYe knXFI+pQrVI0bWoXVzikYqRGCXIj2gnkAMQQxDbVuQGe9iHBQ01VCBgwmNsQIHLLQ8ZBJu5Ahr MOYx0f1/gBGHW1jhLcIbCbJnHA17lA9bkdaum66s1PsXg7rAyijg90i016YHu6Jk+fq3V8Gu0v BzxrLa1wi6Onk7uvP+rqvDs4fBL9adnDyWs+F519m77TOsWWltfPz5r7qym4o05uqIX9n9JT3TP NzDrb9p1UqTOEeYPkH8+dyfILCZkSsjJpdj6RvAV/ZjCLOb5vZexji1sI83nVnGGC1yGXqVJaV qaaadKoUAzgW8hLXwCNzaNJQ==</latexit><latexit sha1_base64="cnC4aGLMXpnJL5DA FtxDG7HSfDE=">AAACcHichVHLSsNAFD2N7/qquhFcWC0VcVFuRFAEQXTj0lb7gFpKEqcamiZp kha0+AP+gAs3KoiIn+HGH3DhJ4g7K7hx4W0aEC3qHWbmzJl77pyZUW1Ddz2ip5DU1d3T29c/EB 4cGh4ZjYyNZ1yr5mgirVmG5eRUxRWGboq0p3uGyNmOUCqqIbJqebO1n60Lx9Utc9c7skWhohyYe knXFI+pQrVI0bWoXVzikYqRGCXIj2gnkAMQQxDbVuQGe9iHBQ01VCBgwmNsQIHLLQ8ZBJu5Ahr MOYx0f1/gBGHW1jhLcIbCbJnHA17lA9bkdaum66s1PsXg7rAyijg90i016YHu6Jk+fq3V8Gu0v BzxrLa1wi6Onk7uvP+rqvDs4fBL9adnDyWs+F519m77TOsWWltfPz5r7qym4o05uqIX9n9JT3TP NzDrb9p1UqTOEeYPkH8+dyfILCZkSsjJpdj6RvAV/ZjCLOb5vZexji1sI83nVnGGC1yGXqVJaV qaaadKoUAzgW8hLXwCNzaNJQ==</latexit><latexit sha1_base64="cnC4aGLMXpnJL5DA FtxDG7HSfDE=">AAACcHichVHLSsNAFD2N7/qquhFcWC0VcVFuRFAEQXTj0lb7gFpKEqcamiZp kha0+AP+gAs3KoiIn+HGH3DhJ4g7K7hx4W0aEC3qHWbmzJl77pyZUW1Ddz2ip5DU1d3T29c/EB 4cGh4ZjYyNZ1yr5mgirVmG5eRUxRWGboq0p3uGyNmOUCqqIbJqebO1n60Lx9Utc9c7skWhohyYe knXFI+pQrVI0bWoXVzikYqRGCXIj2gnkAMQQxDbVuQGe9iHBQ01VCBgwmNsQIHLLQ8ZBJu5Ahr MOYx0f1/gBGHW1jhLcIbCbJnHA17lA9bkdaum66s1PsXg7rAyijg90i016YHu6Jk+fq3V8Gu0v BzxrLa1wi6Onk7uvP+rqvDs4fBL9adnDyWs+F519m77TOsWWltfPz5r7qym4o05uqIX9n9JT3TP NzDrb9p1UqTOEeYPkH8+dyfILCZkSsjJpdj6RvAV/ZjCLOb5vZexji1sI83nVnGGC1yGXqVJaV qaaadKoUAzgW8hLXwCNzaNJQ==</latexit>
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<latexit sha1_base64="QmYvMbsQkIC+ kbKpwZi/GYFYhHg=">AAACZnichVHLSsNAFD2Nr1pfVREFN8VScVVuRFBcFd247MPagk pJ4liDaRKTtFCLPyC4tQtXCiLiZ7jxB1z0DxSXCm5ceJsGRIt6h5k5c+aeO2dmVNvQXY +oFZJ6evv6B8KDkaHhkdGx6PjElmtVHU3kNcuwnKKquMLQTZH3dM8QRdsRSkU1REE9XG /vF2rCcXXL3PTqttitKGVT39c1xWMqd1SSS9E4JcmPWDeQAxBHEGkreoMd7MGChioqED DhMTagwOW2DRkEm7ldNJhzGOn+vsAJIqytcpbgDIXZQx7LvNoOWJPX7Zqur9b4FIO7w 8oYEvRIt/RKD3RHz/Txa62GX6Ptpc6z2tEKuzR2OpN7/1dV4dnDwZfqT88e9rHie9XZu +0z7VtoHX3tuPmaW80mGvN0RS/s/5JadM83MGtv2nVGZC8Q4Q+Qfz53N9haTMqUlDNL8 dRa8BVhzGIOC/zey0hhA2nk+dwyznCOZuhJGpWmpOlOqhQKNJP4FlLsE1RtipU=</lat exit><latexit sha1_base64="QmYvMbsQkIC+ kbKpwZi/GYFYhHg=">AAACZnichVHLSsNAFD2Nr1pfVREFN8VScVVuRFBcFd247MPagk pJ4liDaRKTtFCLPyC4tQtXCiLiZ7jxB1z0DxSXCm5ceJsGRIt6h5k5c+aeO2dmVNvQXY +oFZJ6evv6B8KDkaHhkdGx6PjElmtVHU3kNcuwnKKquMLQTZH3dM8QRdsRSkU1REE9XG /vF2rCcXXL3PTqttitKGVT39c1xWMqd1SSS9E4JcmPWDeQAxBHEGkreoMd7MGChioqED DhMTagwOW2DRkEm7ldNJhzGOn+vsAJIqytcpbgDIXZQx7LvNoOWJPX7Zqur9b4FIO7w 8oYEvRIt/RKD3RHz/Txa62GX6Ptpc6z2tEKuzR2OpN7/1dV4dnDwZfqT88e9rHie9XZu +0z7VtoHX3tuPmaW80mGvN0RS/s/5JadM83MGtv2nVGZC8Q4Q+Qfz53N9haTMqUlDNL8 dRa8BVhzGIOC/zey0hhA2nk+dwyznCOZuhJGpWmpOlOqhQKNJP4FlLsE1RtipU=</lat exit><latexit sha1_base64="QmYvMbsQkIC+ kbKpwZi/GYFYhHg=">AAACZnichVHLSsNAFD2Nr1pfVREFN8VScVVuRFBcFd247MPagk pJ4liDaRKTtFCLPyC4tQtXCiLiZ7jxB1z0DxSXCm5ceJsGRIt6h5k5c+aeO2dmVNvQXY +oFZJ6evv6B8KDkaHhkdGx6PjElmtVHU3kNcuwnKKquMLQTZH3dM8QRdsRSkU1REE9XG /vF2rCcXXL3PTqttitKGVT39c1xWMqd1SSS9E4JcmPWDeQAxBHEGkreoMd7MGChioqED DhMTagwOW2DRkEm7ldNJhzGOn+vsAJIqytcpbgDIXZQx7LvNoOWJPX7Zqur9b4FIO7w 8oYEvRIt/RKD3RHz/Txa62GX6Ptpc6z2tEKuzR2OpN7/1dV4dnDwZfqT88e9rHie9XZu +0z7VtoHX3tuPmaW80mGvN0RS/s/5JadM83MGtv2nVGZC8Q4Q+Qfz53N9haTMqUlDNL8 dRa8BVhzGIOC/zey0hhA2nk+dwyznCOZuhJGpWmpOlOqhQKNJP4FlLsE1RtipU=</lat exit><latexit sha1_base64="QmYvMbsQkIC+ kbKpwZi/GYFYhHg=">AAACZnichVHLSsNAFD2Nr1pfVREFN8VScVVuRFBcFd247MPagk pJ4liDaRKTtFCLPyC4tQtXCiLiZ7jxB1z0DxSXCm5ceJsGRIt6h5k5c+aeO2dmVNvQXY +oFZJ6evv6B8KDkaHhkdGx6PjElmtVHU3kNcuwnKKquMLQTZH3dM8QRdsRSkU1REE9XG /vF2rCcXXL3PTqttitKGVT39c1xWMqd1SSS9E4JcmPWDeQAxBHEGkreoMd7MGChioqED DhMTagwOW2DRkEm7ldNJhzGOn+vsAJIqytcpbgDIXZQx7LvNoOWJPX7Zqur9b4FIO7w 8oYEvRIt/RKD3RHz/Txa62GX6Ptpc6z2tEKuzR2OpN7/1dV4dnDwZfqT88e9rHie9XZu +0z7VtoHX3tuPmaW80mGvN0RS/s/5JadM83MGtv2nVGZC8Q4Q+Qfz53N9haTMqUlDNL8 dRa8BVhzGIOC/zey0hhA2nk+dwyznCOZuhJGpWmpOlOqhQKNJP4FlLsE1RtipU=</lat exit>
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<latexit sha1_base64="bgeTf2/PtTpqpE3b NfnbF3jiBBU=">AAACZnichVHLSsNAFD2Nr1ofrYoouCmWiqtyUwTFVdGNS7XWFqqUJE5raJrEJ C3U4g8IbnXhSkFE/Aw3/oAL/0BxWcGNC2/TgKiod5iZM2fuuXNmRrUN3fWIHkNST29f/0B4MDI0P DIajY2Nb7tW3dFETrMMyymoiisM3RQ5T/cMUbAdodRUQ+TV6mpnP98Qjqtb5pbXtMVuTamYelnX FI+p7EEpXYolKEV+xH8COQAJBLFuxa6xgz1Y0FBHDQImPMYGFLjcipBBsJnbRYs5h5Hu7wscIcL aOmcJzlCYrfJY4VUxYE1ed2q6vlrjUwzuDivjSNID3VCb7umWnun911otv0bHS5NntasVdil6PJ 19+1dV49nD/qfqT88eyljyvers3faZzi20rr5xeNbOLm8mW3N0SS/s/4Ie6Y5vYDZetasNsXmOCH +A/P25f4LtdEqmlLyxkMisBF8RxgxmMc/vvYgM1rCOHJ9bwQlOcRZ6kkalSWmqmyqFAs0EvoQU/ wBWbYqW</latexit><latexit sha1_base64="bgeTf2/PtTpqpE3b NfnbF3jiBBU=">AAACZnichVHLSsNAFD2Nr1ofrYoouCmWiqtyUwTFVdGNS7XWFqqUJE5raJrEJ C3U4g8IbnXhSkFE/Aw3/oAL/0BxWcGNC2/TgKiod5iZM2fuuXNmRrUN3fWIHkNST29f/0B4MDI0P DIajY2Nb7tW3dFETrMMyymoiisM3RQ5T/cMUbAdodRUQ+TV6mpnP98Qjqtb5pbXtMVuTamYelnX FI+p7EEpXYolKEV+xH8COQAJBLFuxa6xgz1Y0FBHDQImPMYGFLjcipBBsJnbRYs5h5Hu7wscIcL aOmcJzlCYrfJY4VUxYE1ed2q6vlrjUwzuDivjSNID3VCb7umWnun911otv0bHS5NntasVdil6PJ 19+1dV49nD/qfqT88eyljyvers3faZzi20rr5xeNbOLm8mW3N0SS/s/4Ie6Y5vYDZetasNsXmOCH +A/P25f4LtdEqmlLyxkMisBF8RxgxmMc/vvYgM1rCOHJ9bwQlOcRZ6kkalSWmqmyqFAs0EvoQU/ wBWbYqW</latexit><latexit sha1_base64="bgeTf2/PtTpqpE3b NfnbF3jiBBU=">AAACZnichVHLSsNAFD2Nr1ofrYoouCmWiqtyUwTFVdGNS7XWFqqUJE5raJrEJ C3U4g8IbnXhSkFE/Aw3/oAL/0BxWcGNC2/TgKiod5iZM2fuuXNmRrUN3fWIHkNST29f/0B4MDI0P DIajY2Nb7tW3dFETrMMyymoiisM3RQ5T/cMUbAdodRUQ+TV6mpnP98Qjqtb5pbXtMVuTamYelnX FI+p7EEpXYolKEV+xH8COQAJBLFuxa6xgz1Y0FBHDQImPMYGFLjcipBBsJnbRYs5h5Hu7wscIcL aOmcJzlCYrfJY4VUxYE1ed2q6vlrjUwzuDivjSNID3VCb7umWnun911otv0bHS5NntasVdil6PJ 19+1dV49nD/qfqT88eyljyvers3faZzi20rr5xeNbOLm8mW3N0SS/s/4Ie6Y5vYDZetasNsXmOCH +A/P25f4LtdEqmlLyxkMisBF8RxgxmMc/vvYgM1rCOHJ9bwQlOcRZ6kkalSWmqmyqFAs0EvoQU/ wBWbYqW</latexit><latexit sha1_base64="bgeTf2/PtTpqpE3b NfnbF3jiBBU=">AAACZnichVHLSsNAFD2Nr1ofrYoouCmWiqtyUwTFVdGNS7XWFqqUJE5raJrEJ C3U4g8IbnXhSkFE/Aw3/oAL/0BxWcGNC2/TgKiod5iZM2fuuXNmRrUN3fWIHkNST29f/0B4MDI0P DIajY2Nb7tW3dFETrMMyymoiisM3RQ5T/cMUbAdodRUQ+TV6mpnP98Qjqtb5pbXtMVuTamYelnX FI+p7EEpXYolKEV+xH8COQAJBLFuxa6xgz1Y0FBHDQImPMYGFLjcipBBsJnbRYs5h5Hu7wscIcL aOmcJzlCYrfJY4VUxYE1ed2q6vlrjUwzuDivjSNID3VCb7umWnun911otv0bHS5NntasVdil6PJ 19+1dV49nD/qfqT88eyljyvers3faZzi20rr5xeNbOLm8mW3N0SS/s/4Ie6Y5vYDZetasNsXmOCH +A/P25f4LtdEqmlLyxkMisBF8RxgxmMc/vvYgM1rCOHJ9bwQlOcRZ6kkalSWmqmyqFAs0EvoQU/ wBWbYqW</latexit>
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<latexit sha1_base64="nHZUW4cAPY+ciXny ROF2xTcAA10=">AAACZnichVHLSsNAFD2Nr1q1rYoouCmWiqtyo4LiqujGZR+2FVRKEscaTJOYp AUt/oDg1i5cKYiIn+HGH3DhHyguFdy48DYNiIp6h5k5c+aeO2dmVNvQXY/oISR1dff09oX7IwODQ 9FYfHik5Fp1RxNFzTIsZ11VXGHopih6umeIddsRSk01RFndW2nvlxvCcXXLXPMObLFVU6qmvqNr isdUYb8yV4knKU1+JH4COQBJBJG14lfYxDYsaKijBgETHmMDClxuG5BBsJnbQpM5h5Hu7wscIcL aOmcJzlCY3eOxyquNgDV53a7p+mqNTzG4O6xMIEX3dE0vdEc39ETvv9Zq+jXaXg54VjtaYVdixx OFt39VNZ497H6q/vTsYQeLvledvds+076F1tE3DlsvhaV8qjlNF/TM/s/pgW75BmbjVbvMifwZIv wB8vfn/glKs2mZ0nJuPplZDr4ijElMYYbfewEZrCKLIp9bxQlO0Qo9SlFpTBrvpEqhQDOKLyElP gBYbYqX</latexit><latexit sha1_base64="nHZUW4cAPY+ciXny ROF2xTcAA10=">AAACZnichVHLSsNAFD2Nr1q1rYoouCmWiqtyo4LiqujGZR+2FVRKEscaTJOYp AUt/oDg1i5cKYiIn+HGH3DhHyguFdy48DYNiIp6h5k5c+aeO2dmVNvQXY/oISR1dff09oX7IwODQ 9FYfHik5Fp1RxNFzTIsZ11VXGHopih6umeIddsRSk01RFndW2nvlxvCcXXLXPMObLFVU6qmvqNr isdUYb8yV4knKU1+JH4COQBJBJG14lfYxDYsaKijBgETHmMDClxuG5BBsJnbQpM5h5Hu7wscIcL aOmcJzlCY3eOxyquNgDV53a7p+mqNTzG4O6xMIEX3dE0vdEc39ETvv9Zq+jXaXg54VjtaYVdixx OFt39VNZ497H6q/vTsYQeLvledvds+076F1tE3DlsvhaV8qjlNF/TM/s/pgW75BmbjVbvMifwZIv wB8vfn/glKs2mZ0nJuPplZDr4ijElMYYbfewEZrCKLIp9bxQlO0Qo9SlFpTBrvpEqhQDOKLyElP gBYbYqX</latexit><latexit sha1_base64="nHZUW4cAPY+ciXny ROF2xTcAA10=">AAACZnichVHLSsNAFD2Nr1q1rYoouCmWiqtyo4LiqujGZR+2FVRKEscaTJOYp AUt/oDg1i5cKYiIn+HGH3DhHyguFdy48DYNiIp6h5k5c+aeO2dmVNvQXY/oISR1dff09oX7IwODQ 9FYfHik5Fp1RxNFzTIsZ11VXGHopih6umeIddsRSk01RFndW2nvlxvCcXXLXPMObLFVU6qmvqNr isdUYb8yV4knKU1+JH4COQBJBJG14lfYxDYsaKijBgETHmMDClxuG5BBsJnbQpM5h5Hu7wscIcL aOmcJzlCY3eOxyquNgDV53a7p+mqNTzG4O6xMIEX3dE0vdEc39ETvv9Zq+jXaXg54VjtaYVdixx OFt39VNZ497H6q/vTsYQeLvledvds+076F1tE3DlsvhaV8qjlNF/TM/s/pgW75BmbjVbvMifwZIv wB8vfn/glKs2mZ0nJuPplZDr4ijElMYYbfewEZrCKLIp9bxQlO0Qo9SlFpTBrvpEqhQDOKLyElP gBYbYqX</latexit><latexit sha1_base64="nHZUW4cAPY+ciXny ROF2xTcAA10=">AAACZnichVHLSsNAFD2Nr1q1rYoouCmWiqtyo4LiqujGZR+2FVRKEscaTJOYp AUt/oDg1i5cKYiIn+HGH3DhHyguFdy48DYNiIp6h5k5c+aeO2dmVNvQXY/oISR1dff09oX7IwODQ 9FYfHik5Fp1RxNFzTIsZ11VXGHopih6umeIddsRSk01RFndW2nvlxvCcXXLXPMObLFVU6qmvqNr isdUYb8yV4knKU1+JH4COQBJBJG14lfYxDYsaKijBgETHmMDClxuG5BBsJnbQpM5h5Hu7wscIcL aOmcJzlCY3eOxyquNgDV53a7p+mqNTzG4O6xMIEX3dE0vdEc39ETvv9Zq+jXaXg54VjtaYVdixx OFt39VNZ497H6q/vTsYQeLvledvds+076F1tE3DlsvhaV8qjlNF/TM/s/pgW75BmbjVbvMifwZIv wB8vfn/glKs2mZ0nJuPplZDr4ijElMYYbfewEZrCKLIp9bxQlO0Qo9SlFpTBrvpEqhQDOKLyElP gBYbYqX</latexit>
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<latexit sha1_base64="+w+6dO0A2dNFRFeSsrN8zLV1 dWE=">AAACb3ichVHLSsNAFD2Nr1ofrbpQECRYFN2UGxEUV6Ibl7a1KlgpSRxrME1iklZq8Qf8AF248AEi4me48Qdc 9BPElSi4ceFtGhAV9Q4zc+bMPXfOzGiOaXg+UT0itbS2tXdEO2Nd3T298URf/6pnl11d5HTbtN11TfWEaVgi5xu+Kd YdV6glzRRr2u5iY3+tIlzPsK0Vv+qIzZJatIxtQ1d9pvLlwpSc3xdbRSHvFRJJSlEQ8k+ghCCJMJbtxDXy2IINHWWUI GDBZ2xChcdtAwoIDnObqDHnMjKCfYFDxFhb5izBGSqzuzwWebURshavGzW9QK3zKSZ3l5UyxuiBbuiF7umWHun911q 1oEbDS5VnrakVTiF+NJR9+1dV4tnHzqfqT88+tjEbeDXYuxMwjVvoTX3l4OQlO5cZq43TJT2x/wuq0x3fwKq86ldpk TlFjD9A+f7cP8HqVEqhlJKeTs4vhF8RxTBGMcHvPYN5LGEZOT7XwTHOcB55lgalEUlupkqRUDOALyFNfgD21o4N</la texit><latexit sha1_base64="+w+6dO0A2dNFRFeSsrN8zLV1 dWE=">AAACb3ichVHLSsNAFD2Nr1ofrbpQECRYFN2UGxEUV6Ibl7a1KlgpSRxrME1iklZq8Qf8AF248AEi4me48Qdc 9BPElSi4ceFtGhAV9Q4zc+bMPXfOzGiOaXg+UT0itbS2tXdEO2Nd3T298URf/6pnl11d5HTbtN11TfWEaVgi5xu+Kd YdV6glzRRr2u5iY3+tIlzPsK0Vv+qIzZJatIxtQ1d9pvLlwpSc3xdbRSHvFRJJSlEQ8k+ghCCJMJbtxDXy2IINHWWUI GDBZ2xChcdtAwoIDnObqDHnMjKCfYFDxFhb5izBGSqzuzwWebURshavGzW9QK3zKSZ3l5UyxuiBbuiF7umWHun911q 1oEbDS5VnrakVTiF+NJR9+1dV4tnHzqfqT88+tjEbeDXYuxMwjVvoTX3l4OQlO5cZq43TJT2x/wuq0x3fwKq86ldpk TlFjD9A+f7cP8HqVEqhlJKeTs4vhF8RxTBGMcHvPYN5LGEZOT7XwTHOcB55lgalEUlupkqRUDOALyFNfgD21o4N</la texit><latexit sha1_base64="+w+6dO0A2dNFRFeSsrN8zLV1 dWE=">AAACb3ichVHLSsNAFD2Nr1ofrbpQECRYFN2UGxEUV6Ibl7a1KlgpSRxrME1iklZq8Qf8AF248AEi4me48Qdc 9BPElSi4ceFtGhAV9Q4zc+bMPXfOzGiOaXg+UT0itbS2tXdEO2Nd3T298URf/6pnl11d5HTbtN11TfWEaVgi5xu+Kd YdV6glzRRr2u5iY3+tIlzPsK0Vv+qIzZJatIxtQ1d9pvLlwpSc3xdbRSHvFRJJSlEQ8k+ghCCJMJbtxDXy2IINHWWUI GDBZ2xChcdtAwoIDnObqDHnMjKCfYFDxFhb5izBGSqzuzwWebURshavGzW9QK3zKSZ3l5UyxuiBbuiF7umWHun911q 1oEbDS5VnrakVTiF+NJR9+1dV4tnHzqfqT88+tjEbeDXYuxMwjVvoTX3l4OQlO5cZq43TJT2x/wuq0x3fwKq86ldpk TlFjD9A+f7cP8HqVEqhlJKeTs4vhF8RxTBGMcHvPYN5LGEZOT7XwTHOcB55lgalEUlupkqRUDOALyFNfgD21o4N</la texit><latexit sha1_base64="+w+6dO0A2dNFRFeSsrN8zLV1 dWE=">AAACb3ichVHLSsNAFD2Nr1ofrbpQECRYFN2UGxEUV6Ibl7a1KlgpSRxrME1iklZq8Qf8AF248AEi4me48Qdc 9BPElSi4ceFtGhAV9Q4zc+bMPXfOzGiOaXg+UT0itbS2tXdEO2Nd3T298URf/6pnl11d5HTbtN11TfWEaVgi5xu+Kd YdV6glzRRr2u5iY3+tIlzPsK0Vv+qIzZJatIxtQ1d9pvLlwpSc3xdbRSHvFRJJSlEQ8k+ghCCJMJbtxDXy2IINHWWUI GDBZ2xChcdtAwoIDnObqDHnMjKCfYFDxFhb5izBGSqzuzwWebURshavGzW9QK3zKSZ3l5UyxuiBbuiF7umWHun911q 1oEbDS5VnrakVTiF+NJR9+1dV4tnHzqfqT88+tjEbeDXYuxMwjVvoTX3l4OQlO5cZq43TJT2x/wuq0x3fwKq86ldpk TlFjD9A+f7cP8HqVEqhlJKeTs4vhF8RxTBGMcHvPYN5LGEZOT7XwTHOcB55lgalEUlupkqRUDOALyFNfgD21o4N</la texit>
u2 ^ p
<latexit sha1_base64="E+cxaMnY3dxmgHe0vlQTtoTWTPM=">AAACb3ichVHLSsNAFD2Nr1pfVRcKggRLRTflRgTFV dGNy1atCraUJB1rME1Ckla0+AN+gC5c+AAR8TPc+AMu/ARxJQpuXHibBkSLeoeZOXPmnjtnZjTHNDyf6DEitbV3dHZFu2M9vX39A/HBoXXPrrq6yOm2abubmuoJ07BEzjd8U2w6rlArmik2tN2lxv5GTbieYVtr/r4jChW1bBnbhq76TOWrxRk5v ydKZSE7xXiCUhSE3AqUECQQRsaOXyOPEmzoqKICAQs+YxMqPG5bUEBwmCugzpzLyAj2BQ4RY22VswRnqMzu8ljm1VbIWrxu1PQCtc6nmNxdVspI0gPd0Cvd0y090cevtepBjYaXfZ61plY4xYGj0dX3f1UVnn3sfKn+9OxjG/OBV4O9OwHTuIXe1N cOTl5XF1aS9Um6pGf2f0GPdMc3sGpv+lVWrJwixh+g/HzuVrA+k1IopWRnE+nF8CuiGMMEpvi955DGMjLI8bkOjnGG88iLNCKNS3IzVYqEmmF8C2n6E/TWjgw=</latexit><latexit sha1_base64="E+cxaMnY3dxmgHe0vlQTtoTWTPM=">AAACb3ichVHLSsNAFD2Nr1pfVRcKggRLRTflRgTFV dGNy1atCraUJB1rME1Ckla0+AN+gC5c+AAR8TPc+AMu/ARxJQpuXHibBkSLeoeZOXPmnjtnZjTHNDyf6DEitbV3dHZFu2M9vX39A/HBoXXPrrq6yOm2abubmuoJ07BEzjd8U2w6rlArmik2tN2lxv5GTbieYVtr/r4jChW1bBnbhq76TOWrxRk5v ydKZSE7xXiCUhSE3AqUECQQRsaOXyOPEmzoqKICAQs+YxMqPG5bUEBwmCugzpzLyAj2BQ4RY22VswRnqMzu8ljm1VbIWrxu1PQCtc6nmNxdVspI0gPd0Cvd0y090cevtepBjYaXfZ61plY4xYGj0dX3f1UVnn3sfKn+9OxjG/OBV4O9OwHTuIXe1N cOTl5XF1aS9Um6pGf2f0GPdMc3sGpv+lVWrJwixh+g/HzuVrA+k1IopWRnE+nF8CuiGMMEpvi955DGMjLI8bkOjnGG88iLNCKNS3IzVYqEmmF8C2n6E/TWjgw=</latexit><latexit sha1_base64="E+cxaMnY3dxmgHe0vlQTtoTWTPM=">AAACb3ichVHLSsNAFD2Nr1pfVRcKggRLRTflRgTFV dGNy1atCraUJB1rME1Ckla0+AN+gC5c+AAR8TPc+AMu/ARxJQpuXHibBkSLeoeZOXPmnjtnZjTHNDyf6DEitbV3dHZFu2M9vX39A/HBoXXPrrq6yOm2abubmuoJ07BEzjd8U2w6rlArmik2tN2lxv5GTbieYVtr/r4jChW1bBnbhq76TOWrxRk5v ydKZSE7xXiCUhSE3AqUECQQRsaOXyOPEmzoqKICAQs+YxMqPG5bUEBwmCugzpzLyAj2BQ4RY22VswRnqMzu8ljm1VbIWrxu1PQCtc6nmNxdVspI0gPd0Cvd0y090cevtepBjYaXfZ61plY4xYGj0dX3f1UVnn3sfKn+9OxjG/OBV4O9OwHTuIXe1N cOTl5XF1aS9Um6pGf2f0GPdMc3sGpv+lVWrJwixh+g/HzuVrA+k1IopWRnE+nF8CuiGMMEpvi955DGMjLI8bkOjnGG88iLNCKNS3IzVYqEmmF8C2n6E/TWjgw=</latexit><latexit sha1_base64="E+cxaMnY3dxmgHe0vlQTtoTWTPM=">AAACb3ichVHLSsNAFD2Nr1pfVRcKggRLRTflRgTFV dGNy1atCraUJB1rME1Ckla0+AN+gC5c+AAR8TPc+AMu/ARxJQpuXHibBkSLeoeZOXPmnjtnZjTHNDyf6DEitbV3dHZFu2M9vX39A/HBoXXPrrq6yOm2abubmuoJ07BEzjd8U2w6rlArmik2tN2lxv5GTbieYVtr/r4jChW1bBnbhq76TOWrxRk5v ydKZSE7xXiCUhSE3AqUECQQRsaOXyOPEmzoqKICAQs+YxMqPG5bUEBwmCugzpzLyAj2BQ4RY22VswRnqMzu8ljm1VbIWrxu1PQCtc6nmNxdVspI0gPd0Cvd0y090cevtepBjYaXfZ61plY4xYGj0dX3f1UVnn3sfKn+9OxjG/OBV4O9OwHTuIXe1N cOTl5XF1aS9Um6pGf2f0GPdMc3sGpv+lVWrJwixh+g/HzuVrA+k1IopWRnE+nF8CuiGMMEpvi955DGMjLI8bkOjnGG88iLNCKNS3IzVYqEmmF8C2n6E/TWjgw=</latexit>
u¯1 ^ u¯2
<latexit sha1_base64="eMJ35AjFXgC2iiA3XYNeWZdb6BY=">AAACfXichVHLSsNAFD2N7/qquhHcBEvFhZ QbERRXohuXtrWtYKUkcazBvEjSihb9AH/AhStFERH9CTf+gAs/QVxWcCPobRoQFfWGzJx75p47Z2Y01zT8gOgxJrW1d3R2dffEe/v6BwYTQ8MF36l6usjrjul4a5rqC9OwRT4wAlOsuZ5QLc0URW1nqblerAnPNxx7NdhzxYal Vmxjy9DVgKlyYrSkqZ5cLStyaVdsVoQc5dPlRJLSFIb8EygRSCKKFSdxiRI24UBHFRYEbASMTajw+VuHAoLL3AbqzHmMjHBd4ABx1la5SnCFyuwOjxXO1iPW5rzZ0w/VOu9i8u+xUkaKHuiKGnRP1/REb7/2qoc9ml72eNZaWu GWB49Gc6//qiyeA2x/qv70HGALc6FXg727IdM8hd7S1/aPG7n5bKo+QWf0zP5P6ZHu+AR27UW/yIjsCeL8AMr36/4JCtNphdJKZia5sBg9RTfGMI5Jvu9ZLGAZK8jzvoc4xw1uY+9SSpqS0q1SKRZpRvAlpNkPdRySrA==</la texit><latexit sha1_base64="eMJ35AjFXgC2iiA3XYNeWZdb6BY=">AAACfXichVHLSsNAFD2N7/qquhHcBEvFhZ QbERRXohuXtrWtYKUkcazBvEjSihb9AH/AhStFERH9CTf+gAs/QVxWcCPobRoQFfWGzJx75p47Z2Y01zT8gOgxJrW1d3R2dffEe/v6BwYTQ8MF36l6usjrjul4a5rqC9OwRT4wAlOsuZ5QLc0URW1nqblerAnPNxx7NdhzxYal Vmxjy9DVgKlyYrSkqZ5cLStyaVdsVoQc5dPlRJLSFIb8EygRSCKKFSdxiRI24UBHFRYEbASMTajw+VuHAoLL3AbqzHmMjHBd4ABx1la5SnCFyuwOjxXO1iPW5rzZ0w/VOu9i8u+xUkaKHuiKGnRP1/REb7/2qoc9ml72eNZaWu GWB49Gc6//qiyeA2x/qv70HGALc6FXg727IdM8hd7S1/aPG7n5bKo+QWf0zP5P6ZHu+AR27UW/yIjsCeL8AMr36/4JCtNphdJKZia5sBg9RTfGMI5Jvu9ZLGAZK8jzvoc4xw1uY+9SSpqS0q1SKRZpRvAlpNkPdRySrA==</la texit><latexit sha1_base64="eMJ35AjFXgC2iiA3XYNeWZdb6BY=">AAACfXichVHLSsNAFD2N7/qquhHcBEvFhZ QbERRXohuXtrWtYKUkcazBvEjSihb9AH/AhStFERH9CTf+gAs/QVxWcCPobRoQFfWGzJx75p47Z2Y01zT8gOgxJrW1d3R2dffEe/v6BwYTQ8MF36l6usjrjul4a5rqC9OwRT4wAlOsuZ5QLc0URW1nqblerAnPNxx7NdhzxYal Vmxjy9DVgKlyYrSkqZ5cLStyaVdsVoQc5dPlRJLSFIb8EygRSCKKFSdxiRI24UBHFRYEbASMTajw+VuHAoLL3AbqzHmMjHBd4ABx1la5SnCFyuwOjxXO1iPW5rzZ0w/VOu9i8u+xUkaKHuiKGnRP1/REb7/2qoc9ml72eNZaWu GWB49Gc6//qiyeA2x/qv70HGALc6FXg727IdM8hd7S1/aPG7n5bKo+QWf0zP5P6ZHu+AR27UW/yIjsCeL8AMr36/4JCtNphdJKZia5sBg9RTfGMI5Jvu9ZLGAZK8jzvoc4xw1uY+9SSpqS0q1SKRZpRvAlpNkPdRySrA==</la texit><latexit sha1_base64="eMJ35AjFXgC2iiA3XYNeWZdb6BY=">AAACfXichVHLSsNAFD2N7/qquhHcBEvFhZ QbERRXohuXtrWtYKUkcazBvEjSihb9AH/AhStFERH9CTf+gAs/QVxWcCPobRoQFfWGzJx75p47Z2Y01zT8gOgxJrW1d3R2dffEe/v6BwYTQ8MF36l6usjrjul4a5rqC9OwRT4wAlOsuZ5QLc0URW1nqblerAnPNxx7NdhzxYal Vmxjy9DVgKlyYrSkqZ5cLStyaVdsVoQc5dPlRJLSFIb8EygRSCKKFSdxiRI24UBHFRYEbASMTajw+VuHAoLL3AbqzHmMjHBd4ABx1la5SnCFyuwOjxXO1iPW5rzZ0w/VOu9i8u+xUkaKHuiKGnRP1/REb7/2qoc9ml72eNZaWu GWB49Gc6//qiyeA2x/qv70HGALc6FXg727IdM8hd7S1/aPG7n5bKo+QWf0zP5P6ZHu+AR27UW/yIjsCeL8AMr36/4JCtNphdJKZia5sBg9RTfGMI5Jvu9ZLGAZK8jzvoc4xw1uY+9SSpqS0q1SKRZpRvAlpNkPdRySrA==</la texit>
u1 ^ u¯2
<latexit sha1_base64="lmXzqp8hlShvSUZbWquLiOAao1s=">AAACeHichVHLSsNAFD2N7/qquhHcBIuvTbk pguJKdONSW6uClZDEsQbTJORRqcUf8AdcuBAFUfEz3PgDLvoJ4rKCIC68TQOiot5hZs6cuefOmRndtUw/IKonpLb2js6u7p5kb1//wGBqaHjDd0LPEAXDsRxvS9d8YZm2KARmYIkt1xNaWbfEpn6w3NzfrAjPNx17Pai6YqeslWxzz zS0gCk1NRKqilw8FLslIRd1zZNDNaum0pShKOSfQIlBGnGsOqlrFLELBwZClCFgI2BsQYPPbRsKCC5zO6gx5zEyo32BYyRZG3KW4AyN2QMeS7zajlmb182afqQ2+BSLu8dKGRP0SLfUoAe6oyd6/7VWLarR9FLlWW9phasOnozmX/9 VlXkOsP+p+tNzgD3MR15N9u5GTPMWRktfOTpt5BdyE7VJuqRn9n9BdbrnG9iVF+NqTeTOkOQPUL4/90+wkc0olFHWZtOLS/FXdGMM45jm957DIlawigKfW8U5bnCbeJNkaUqaaaVKiVgzgi8hZT8AMrCQyQ==</latexit><latexit sha1_base64="lmXzqp8hlShvSUZbWquLiOAao1s=">AAACeHichVHLSsNAFD2N7/qquhHcBIuvTbk pguJKdONSW6uClZDEsQbTJORRqcUf8AdcuBAFUfEz3PgDLvoJ4rKCIC68TQOiot5hZs6cuefOmRndtUw/IKonpLb2js6u7p5kb1//wGBqaHjDd0LPEAXDsRxvS9d8YZm2KARmYIkt1xNaWbfEpn6w3NzfrAjPNx17Pai6YqeslWxzz zS0gCk1NRKqilw8FLslIRd1zZNDNaum0pShKOSfQIlBGnGsOqlrFLELBwZClCFgI2BsQYPPbRsKCC5zO6gx5zEyo32BYyRZG3KW4AyN2QMeS7zajlmb182afqQ2+BSLu8dKGRP0SLfUoAe6oyd6/7VWLarR9FLlWW9phasOnozmX/9 VlXkOsP+p+tNzgD3MR15N9u5GTPMWRktfOTpt5BdyE7VJuqRn9n9BdbrnG9iVF+NqTeTOkOQPUL4/90+wkc0olFHWZtOLS/FXdGMM45jm957DIlawigKfW8U5bnCbeJNkaUqaaaVKiVgzgi8hZT8AMrCQyQ==</latexit><latexit sha1_base64="lmXzqp8hlShvSUZbWquLiOAao1s=">AAACeHichVHLSsNAFD2N7/qquhHcBIuvTbk pguJKdONSW6uClZDEsQbTJORRqcUf8AdcuBAFUfEz3PgDLvoJ4rKCIC68TQOiot5hZs6cuefOmRndtUw/IKonpLb2js6u7p5kb1//wGBqaHjDd0LPEAXDsRxvS9d8YZm2KARmYIkt1xNaWbfEpn6w3NzfrAjPNx17Pai6YqeslWxzz zS0gCk1NRKqilw8FLslIRd1zZNDNaum0pShKOSfQIlBGnGsOqlrFLELBwZClCFgI2BsQYPPbRsKCC5zO6gx5zEyo32BYyRZG3KW4AyN2QMeS7zajlmb182afqQ2+BSLu8dKGRP0SLfUoAe6oyd6/7VWLarR9FLlWW9phasOnozmX/9 VlXkOsP+p+tNzgD3MR15N9u5GTPMWRktfOTpt5BdyE7VJuqRn9n9BdbrnG9iVF+NqTeTOkOQPUL4/90+wkc0olFHWZtOLS/FXdGMM45jm957DIlawigKfW8U5bnCbeJNkaUqaaaVKiVgzgi8hZT8AMrCQyQ==</latexit><latexit sha1_base64="lmXzqp8hlShvSUZbWquLiOAao1s=">AAACeHichVHLSsNAFD2N7/qquhHcBIuvTbk pguJKdONSW6uClZDEsQbTJORRqcUf8AdcuBAFUfEz3PgDLvoJ4rKCIC68TQOiot5hZs6cuefOmRndtUw/IKonpLb2js6u7p5kb1//wGBqaHjDd0LPEAXDsRxvS9d8YZm2KARmYIkt1xNaWbfEpn6w3NzfrAjPNx17Pai6YqeslWxzz zS0gCk1NRKqilw8FLslIRd1zZNDNaum0pShKOSfQIlBGnGsOqlrFLELBwZClCFgI2BsQYPPbRsKCC5zO6gx5zEyo32BYyRZG3KW4AyN2QMeS7zajlmb182afqQ2+BSLu8dKGRP0SLfUoAe6oyd6/7VWLarR9FLlWW9phasOnozmX/9 VlXkOsP+p+tNzgD3MR15N9u5GTPMWRktfOTpt5BdyE7VJuqRn9n9BdbrnG9iVF+NqTeTOkOQPUL4/90+wkc0olFHWZtOLS/FXdGMM45jm957DIlawigKfW8U5bnCbeJNkaUqaaaVKiVgzgi8hZT8AMrCQyQ==</latexit>
Figure 5: Construction of an arch
Since τ(P (ti))  ui−1 ∧ ui, if (3.11) is true, then u¯i−1 ∧ P (ti) = u¯i−1 ∧ ui ∧ P (ti) =
ui−1 ∧ u¯i ∧ P (ti) = u¯i ∧ P (ti), which implies (3.10).
By u¯i−1  ui−1, it obviously holds u¯i−1∧u¯i  ui−1∧u¯i  u¯i. Observe from pi  pi−1,
qi−1  qi and Lemma 3.5 that dL(p, q) = dL(p, u¯i−1 ∧ u¯i) + dL(u¯i−1 ∧ u¯i, u¯i) + dL(u¯i, q).
Consequently, it holds u¯i ∧ ui−1 ∈ [u¯i−1 ∧ u¯i, u¯i] ⊆ I(p, q). Thus we have
u¯i ∧ ui−1 = (u¯i ∧ ui−1 ∧ p) ∨ (u¯i ∧ ui−1 ∧ q)
= ((pi ∨ qi) ∧ (ui−1 ∧ p)) ∨ ((pi ∨ qi) ∧ (ui−1 ∧ q))
= pi ∨ qi−1 = u¯i−1 ∧ u¯i,
where we use the calculation rule in Lemma 3.5 (4) with pi  pi−1  ui−1 ∧ p and
qi−1 = qi ∧ ui−1. Similarly, from ui ∧ u¯i−1 ∈ [u¯i ∧ u¯i−1, u¯i−1] ⊆ I(p, q), we obtain
ui ∧ u¯i−1 = u¯i−1 ∧ u¯i, and hence (3.11).
For each i the map u¯i∧ is nonexpansive (Lemma 2.10). Then it must hold ui = u¯i
for i = 0, 1, 2, . . . ,m. Indeed, if P leaves K(I(u¯i)) at ti, then one can deduce, by
precisely the same argument in the proof of Lemma 2.9 (2), contradiction d(P ′) < d(P ).
Moreover, by Proposition 3.8 (3), it must hold ui ∧ p = pi  pi+1 = ui+1 ∧ p and
ui ∧ q = qi ≺ qi+1 = ui+1 ∧ q for i = 0, 1, 2, . . . ,m− 1. Thus (p = u0, u1, . . . , um = q) is
an arch.
By Lemma 3.6 (1-3), K(I(A)) is a strictly-convex subspace of K(I˜(A)), and hence
P must belongs to K(I(A)).
(2). The path space is CAT(0) (Lemma 3.6) and is uniquely geodesic. Since P, P ′
belong to the same path space, it must hold P = P ′.
By (2), our problem reduces to find an arch for which the corresponding path-space
geodesic is shortest. We give an explicit formula of path-space geodesics, which is nat-
urally obtained via a distributive frame introduced in Lemma 3.7. Let A = (p =
u0, u1, . . . , um = q) be an arch. Take a distributive frame B ∨ C for I(p, q) containing
suppx, supp y, and A. By p∧q = 0, B∨C is represented by a bipartite PIP G = (V,E,)
with color classes B and C, where B = suppx and C = supp y in the b-coordinate of x, y.
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Now elements u in B ∨ C corresponds to stable ideal U = {v ∈ B ∪ C | v  u}. In this
correspondence, arch A = (p = u0, u1, . . . , um = q) is the arch (B = U0, U1, . . . , Um = C)
in the sense of Sections 2.2 and 2.4. Via the b-coordinates of x, y, define Xi, Yi, ‖Xi‖,
‖Yi‖ as in Section 2.2. By Lemma 2.13, the quantities ‖Xi‖ and ‖Yi‖ are written as
‖Xi‖2 = d(x ∧ ui−1)2 − d(x ∧ ui)2,
‖Yi‖2 = d(y ∧ ui)2 − d(y ∧ ui−1)2,
where d(z) is defined by
d(z) := d(0, z) =
√∑
v∈V
z2v (if z =b
∑
v∈V
zvv).
Accordingly, v(A;x, y) is defined by
v(A;x, y)2 :=
m∑
i=1
(‖Xi‖+ ‖Yi‖)2
=
m∑
i=1
(√
d(x ∧ ui−1)2 − d(x ∧ ui)2 +
√
d(y ∧ ui)2 − d(y ∧ ui−1)2
)2
.
Also the (x, y)-concavity of an arch is defined by (2.10). These notions are independent
of the choice of a distributive frame. Thus we have:
Proposition 3.10. For an (x, y)-concave arch A = (p = u0, u1, . . . , um = q) and any
distributive frame B∨C containing A, suppx, and supp y, the unique geodesic connecting
x, y in K(I(A)) belongs to K(B ∨ C), and is given by (2.11). Its length is equal to
v(A;x, y). Moreover, any path-space geodesic belongs to the path-space for some (x, y)-
concave arch.
Proof. The statement follows from:
• The path space K(I(A)) is uniquely geodesic (Lemma 3.6 (2)).
• There is a nonexpansive map from K(I(A)) to K(B ∨ C) fixing K((B ∨ C)(A))
(Lemma 3.7 (5)).
• Any path-space geodesic connecting x, y in K(B ∨ C) belongs to K(B ∨ C), and is
the path-space geodesic in the path space for some (x, y)-concave arch (Proposi-
tion 2.14).
Finally we prove (R4) that the minimum of v(A;x, y) over all arches A is uniquely
attained by some arch. Define ξ = ξx,y : I(p, q)→ R2 by
ξ(u) = (d(x ∧ u)2, d(y ∧ u)2) (u ∈ I(p, q)).
Recall Figure 2 and the argument before Remark 2.5. Consider the convex hull of
ξ(u) ∈ R2 for all u ∈ I(p, q), which is denoted by Conv I(p, q). Observe that Conv I(p, q)
belongs to the square [0, d(x)2]× [0, d(y)2] and has (0, 0), (d(x)2, 0), (0, d(y)2) as extreme
points. Consider elements u ∈ I(p, q) mapped to extreme points of Conv I(p, q) other
than zero (0, 0). This method was introduced by [18].
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Proposition 3.11. (1) The set of elements in I(p, q) mapped to nonzero extreme
points by ξ is arranged to be an (x, y)-concave arch A∗.
(2) The arch A∗ uniquely attains minA v(A;x, y). In particular, a geodesic in K(I(p, q))
connecting x, y is unique and is the path-space geodesic in K(A∗).
In the proof of (1), the following property has a key role.
Lemma 3.12. Let M be a modular lattice. For x ∈ K(M), the function a 7→ d(x∧ a)2
is supermodular, i.e.,
d(x ∧ a)2 + d(x ∧ b)2 ≤ d(x ∧ (a ∧ b))2 + d(x ∧ (a ∨ b))2 (a, b ∈M). (3.12)
In addition, if τ(x) is the maximum element in M, then a 7→ d(x ∧ a)2 is monotone
increasing, i.e.,
d(x ∧ a)2 < d(x ∧ b)2 (a, b ∈M : a ≺ b)
Proof. Suppose that x =
∑n
i=0 λipi for a maximal chain pi (i = 0, 1, 2, . . . , n). Let J(a)
denote the set of indices i(> 0) with pi∧a  pi−1∧a. Then, as in the proof of Lemma 2.6,
it holds
d(x ∧ a)2 =
∑
i∈J(a)
(λi + · · ·+ λn)2. (3.13)
Here it holds
J(a) ⊆ J(b) (a, b : a  b).
Indeed, suppose that i ∈ J(a) and b covers a. Recall the argument of the proof of
Lemma 2.9 (1). Since pi∧a covers pi−1∧a, it holds pi−1∨a = pi∨a. If b  pi−1∨a = pi∨a,
then b ∧ pi−1 covers a ∧ pi−1 and b ∧ pi covers a ∧ pi, which implies that b ∧ pi covers
b∧pi−1, i.e., i ∈ J(b). If b 6 pi−1∨a = pi∨a, then b∧pi = a∧pi and b∧pi−1 = a∧pi−1,
which also implies i ∈ J(b).
Also |J(a)| is equal to the rank of a; indeed, consider the chain consisting of a∧ pis,
which is a maximal chain from 0 to a. This means that J(a) ⊂ J(b) if a ≺ b. Thus
if τ(x) is the maximum element in M, then λn > 0, and, by (3.13), a 7→ d(x ∧ a)2 is
monotone increasing.
We next show the supermodularity. By the standard argument, it suffices to show
the supermodular modularity inequality (3.12) for those pairs (a, b) for which a and b
cover a ∧ b and are covered by a ∨ b; see, e.g., the proof of [18, Proposition 3.8]. Let
J := J(a ∧ b). For some indices i, j 6∈ J with i < j, it holds J(a ∨ b) = J + i+ j. Then
(J(a), J(b)) is equal to (J+i, J+i), (J+i, J+j), (J+j, J+i), or (J+j, J+j). We show
that the first case (J + i, J + i) cannot occur. Suppose that J(a) = J + i. Then pi ∧ a
covers pi−1 ∧ a. Here (∗) pi−1 ∧ a = pi−1 ∧ a ∧ b holds. This follows from the fact that
pi ∧ a covers or equals pi ∧ a∧ b and covers pi−1 ∧ a  pi−1 ∧ a∧ b = pi ∧ a∧ b (by i 6∈ J).
Thus a = (pi∧a)∨(a∧b). Next, let w := pj−1∧a ∈ [pi∧a, a]. Then a = w∨(a∧b) holds
(by w ∈ [pi ∧ a, a] and a = (pi ∧ a) ∨ (a ∧ b)). By the same argument for (∗), it holds
w = pj−1 ∧ (a ∨ b). Namely a is determined by pj−1, a ∧ b, and a ∨ b. If J(b) = J + i,
then by the same argument we have b = w∨ (a∧ b) = a; this is a contradiction to a 6= b.
Thus (J(a), J(b)) is equal to (J + i, J + j), (J + j, J + i), or (J + j, J + j). For the
first and second cases, by (3.13) we have
d(x ∧ a)2 + d(x ∧ b)2 = 2d(x ∧ (a ∧ b))2 + (λi + · · ·+ λn)2 + (λj + · · ·+ λn)2
= d(x ∧ (a ∧ b))2 + d(x ∧ (a ∨ b))2.
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For the last case, we have
d(x ∧ a)2 + d(x ∧ b)2 = 2d(x ∧ (a ∧ b))2 + (λj + · · ·+ λn)2 + (λj + · · ·+ λn)2
≤ 2d(x ∧ (a ∧ b)) + (λi + · · ·+ λn)2 + (λj + · · ·+ λn)2
≤ d(x ∧ (a ∧ b))2 + d(x ∧ (a ∨ b))2.
Proof of Proposition 3.11 (1). Choose u, u′ ∈ I(p, q) such that ξ(u) and ξ(u′) are nonzero
extreme points in Conv I(p, q). Suppose that ξ(u) = ξ(u′) or ξ(u) and ξ(u′) are adjacent
extreme points with d(x ∧ u) ≤ d(x ∧ u′) and d(y ∧ u) ≥ d(y ∧ u′) (with at least one of
the inequality being strict). We show that u = u′ for the former case and u ∧ p ≺ u′ ∧ p
and u ∧ q  u′ ∧ q for the latter case, which implies the statement.
Let (a, b) := (u ∧ p, u ∧ q) and (a′, b′) := (u′ ∧ p, u′ ∧ q). All pairs (a, a′), (a, b ∧
b′), and (a′, b ∧ b′) among the triple (a, a′, b ∧ b′) are bounded. By (LFL), their join
v := (a ∨ a′) ∨ (b ∧ b′) exists and belongs to I(p, q) (Lemma 3.5). Similarly the join
v′ := (a ∧ a′) ∨ (b ∨ b′) of triple (a ∧ a′, b, b′) exists and belongs to I(p, q). Therefore
ξ(v) = (d(x∧ (a∨ a′))2, d(y ∧ (b∧ b′))2) and ξ(v′) = (d(x∧ (a∧ a′))2, d(y ∧ (b∨ b′))2. By
supermodularity (Lemma 3.12), we have
ξ(v) + ξ(v′) = (d(x ∧ (a ∨ a′))2 + d(x ∧ (a ∧ a′))2, d(y ∧ (b ∧ b′))2 + d(y ∧ (b ∨ b′))2)
≥ (d(x ∧ a)2 + d(x ∧ a′)2, d(y ∧ b)2 + d(y ∧ b′)2)
= ξ(u) + ξ(u′).
Then both ξ(v) and ξ(v′) must belong to [ξ(u), ξ(u′)] since it is an edge or an extreme
point of Conv I(p, q). By d(x∧(a∨a′))2 ≥ d(x∧a)2 and d(y∧(b∨b′))2 ≥ d(y∧b)2, it must
hold ξ(v) = ξ(u) and ξ(v′) = ξ(u′). Thus (d(x∧(a∨a′)), d(y∧(b∧b′))) = (d(x∧a), d(y∧b))
and (d(x ∧ (a ∧ a′)), d(y ∧ (b ∨ b′))) = (d(x ∧ a′), d(y ∧ b′)). By p = τ(x), q = τ(y), and
Lemma 3.12, the functions d(x∧ ·) and d(y ∧ ·) are monotone increasing. Then we have
(a ∧ a′, a ∨ a′) = (a′, a) and (b ∧ b′, b ∨ b′) = (b, b′). Therefore a′  a and b  b′. If
ξ(u) = ξ(u′), then a′  a and b  b′ also hold, and we have u = a ∨ b = a′ ∨ b′ = u′.
Suppose that ξ(u) 6= ξ(u′). Then at least one of a′ ≺ a and b ≺ b′ holds. If a′ = a and
b ≺ b′ (say), then it necessarily holds a = a′ = p ∧ u0 = p and u′ = u1 = p ∨ b1( 0);
however this contradicts the orthogonality of p, q. Therefore a′ ≺ a and b ≺ b′, as
required.
For a convex polygon Q ⊆ [0, κ] × [0, λ] containing (0, 0), (κ, 0), (0, λ) (as extreme
points), define v(Q)(≥ 0) by
v(Q)2 :=
m∑
i=1
(
√
αi−1 − αi +
√
βi − βi−1)2,
where (κ, 0) = (α0, β0), (α1, β1), . . . (αm, βm) = (0, λ) are nonzero extreme points of Q
such that (αi, βi) and (αi+1, βi+1) are adjacent by an edge. Now v(Conv I(p, q)) =
v(A∗;x, y) with κ = d(p)2 and λ = d(q)2. Then Proposition 3.11 (2) follows from:
Lemma 3.13. For two polygons Q,Q′ ⊆ [0, κ]× [0, λ] containing (0, 0), (κ, 0), (0, λ), if
Q ⊂ Q′ (proper inclusion), then v(Q) > v(Q′).
Proof. Choose an edge of Q joining nonzero extreme points (α, β) and (α′, β′), and
choose a point (α∗, β∗) in the interior the edge. Suppose that α > α∗ > α′ and β′ <
β∗ < β. Perturb (α∗, β∗) into outside of Q so that Q ⊂ Q˜ := Conv(Q ∪ {(α∗, β∗)}).
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The perturbation is sufficiently small. The set of extreme points of Q˜ is obtained by
adding (α∗, β∗) to the set of extreme points of Q, where (α∗, β∗) is adjacent to (α, β)
and (α′, β′). Then v(Q˜)2 − v(Q)2 is equal to
(
√
α− α∗ +
√
β∗ − β)2 + (√α∗ − α′ +
√
β′ − β∗)2 − (√α− α′ +
√
β′ − β)2. (3.14)
Now the points (α, β), (α∗, β∗), and (α′, β′) in R2 are not collinear. The non-collinearity
is equivalent to (α − α∗)(β′ − β∗) 6= (α∗ − α′)(β∗ − β). This in turn implies that the
points (
√
α− α∗ +√β∗ − β, 0), (√β∗ − β,√α∗ − α′), (0,√α∗ − α′ +√β′ − β∗) are not
collinear. By the triangle inequality for these three points, (3.14) is negative, and thus
v(Q˜) < v(Q). In this way, we can expand Q until Q = Q′. Then v is strictly decreasing.
In the expansion, we can remove extreme points with keeping v(Q) when they become
non-extreme.
Now we are ready to prove the unique geodesic property of K(L) (Theorem 3.1).
Proof of Theorem 3.1. Let x, y be arbitrary points in K(L). Let p := τ(x) and q := τ(y).
Consider a := (ωq(p)∨ q)∧ (ωp(q)∨ p) = ωq(p)∨ωp(q) (by Lemma 3.5). We can assume
that a  0, i.e., x, y are not orthogonal. Consider x ∨ a and y ∨ a, which belong to
K(F(a)). Now x ∨ a and y ∨ a are orthogonal in K(F(a)), since the minimum element
of F(a) is a, τ(x ∨ a) = ωp(q) ∨ p, and τ(y ∨ a) = ωq(p) ∨ q. By Proposition 3.11, a
geodesic Q between x ∨ a and y ∨ a in K(F(a)) uniquely exists and also belongs to the
path space K(I(A∗)) for the arch A∗ for I(τ(x ∨ a), τ(y ∨ a)) (with minimum a).
Consider a distributive frame B∨C containing A∗, suppx, and supp y. The above Q
is a geodesic between x∨a and y∨a in K(B∨C). Also x∧a and y∧a belong to K(D) for
the distributive sublattice D := (B ∨ C) ∩ I(a) of modular lattice I(a). Therefore there
is a unique geodesic R in between x, y in K(D), which must be a geodesic in K(I(a))
(Lemma 3.4). Now we have two geodesics Q,R in K(B ∨ C), where Q connects x ∨ a
and y ∨ a and R connects x ∧ a and y ∧ a. Represent B ∨ C by a semi-bipartite PIP G
with tripartition B′, C ′, Z. Consider paths Q,R and points x, y, x ∨ a, y ∨ a, x ∧ a, y ∧ a
in the b-coordinate. Notice that a corresponds to Z and the coefficient of z ∈ Z in Q is
always 1. There is no pair u ∈ Z, v ∈ B′ ∪C ′ with u  v. This means that every path in
K(G′) can be lifted to K(G) by defining the coefficient of z ∈ Z as 1. Therefore the
projection Q′ = Q|B′∪C′ is a unique geodesic in K(G′) connecting x|B′∪C′ and y|B′∪C′ .
Also R is a unique geodesic in K(G0) connecting x|Z = x ∧ a and y|Z = y ∧ a. By
Lemma 2.15, we obtain a unique geodesic P = (Q′, R) in K(G) = K(D) connecting x
and y. By considering the original coordinates in K(L) we have a ∨ P (t) = Q(t) and
a ∧ P (t) = R(t). By Lemma 2.9 (3), P is a geodesic in K(L) connecting x and y and
satisfies
d(P )2 = d(a ∨ P )2 + d(a ∧ P )2 = d(a ∨ x, a ∨ y)2 + d(a ∧ x, a ∧ y)2. (3.15)
Finally we show that the constructed geodesic P is actually a unique geodesic. Con-
sider another geodesic P ′ in K(L) connecting x and y. By Lemma 2.9 (3), the path P ′
must satisfy the above equality (3.15). Namely d(a∨P ′) = d(a∨x, a∨y) must hold. By
the uniqueness of a geodesic connecting an orthogonal pair, the images of a∨P ′ and a∨P
are the same. Now a∨P ′ belongs to the path space K(I(A∗)). This implies that P ′ also
belongs to K(I˜(A∗)). By the unique geodesic property of K(I˜(A∗)) (Lemma 3.6 (1)),
it must hold P = P ′, as required.
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Remark 3.14. As in the case of CAT(0) cubical complex or median orthoscheme com-
plex (Remarks 2.5 and 2.16), a geodesic in K(L) can be obtained via the arch A∗. Again
A∗ is obtained by the following (parametric) optimization problem:
Max. (1− λ)d(u ∧ x)2 + λd(u ∧ y)2
s.t. u ∈ I(p, q) = I(p) ∨ I(q).
This problem is a far-reaching generalization of the maximum weight stable set prob-
lem in a bipartite graph, and includes weighted maximum vanishing subspace problem
(WMVSP) [16] as a special case where L is a modular semilattice of vector subspaces
on which each of given bilinear forms vanishes. WMVSP is viewed as a submodular
optimization on modular lattice, which is one of the current issues in combinatorial
optimization. A polynomial time algorithm for WMVSP is not known in general, and
deserves a challenging open problem. See [22, Section 5] for a polynomial solvable special
case.
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A Appendix: Proof of Theorem 2.4 (2)
Let K = Km be the subspace of R
m consisting of points x = (x1, x2, . . . , xm) satisfying
xi < 0⇒ xj ≤ 0 (1 ≤ j ≤ i ≤ m).
Equivalently K =
⋃m
i=0(R
i− × Rm−i+ ), where R− denotes the set of nonpositive reals.
For a, c ∈ K with c ≤ a let Kc,a denote the intersection of K and the box [c1, a1] ×
[c2, a2]× · · · × [cm, am].
Lemma A.1. If a > 0 then Kc,a is a strictly-convex subspace of K.
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Proof. Consider map ϕ : Rm → [c1, a1]× [c2, a2]× · · · × [cm, am] defined by ϕ(x)i := xi
if xi ∈ [ci, ai], ci if xi ≤ ci, and ai if xi ≥ ai. It is easy to see that ϕ is a strictly-
nonexpansive retraction. Thus it suffices to show that x ∈ K implies ϕ(x) ∈ K. Suppose
ϕ(x)i < 0. By ai > 0, it holds xi < 0 and ci < 0. Therefore, by x, c ∈ K, it holds xj ≤ 0
and cj ≤ 0 for j ≤ i. Thus ϕ(x)j ≤ 0 for j ≤ i. This concludes ϕ(x) ∈ K.
Consider the path space K(A) for an arch A = (B = U0, U1, . . . , Um = C), points
x, y ∈ K(A) with suppx = B and supp y = C, and notations in Section 2.2. Here K(A)
is considered as an orthant space (by replacing [0, 1] with R+). Let a ∈ Rm and b ∈ Rm
be defined by
ai := ‖Xi‖, bi := ‖Yi‖ (i ∈ [m]). (A.1)
Define map ι : K−b,a → K(A) by
ι(λ)Xi∪Yi :=
{
λixXi/ai if λi ≥ 0,
−λiyYi/bi if λi ≤ 0,
(λ ∈ K−b,a). (A.2)
Here we abbreviate x|Xi as xXi ; this abbreviation is used in sequel.
Lemma A.2 ([25, Theorem 4.4]). The map ι embeds K−b,a into K(A) as a subspace,
and every geodesic P connecting x, y in K(A) belongs to K−b,a ⊆ K(A).
Proof. We observe the former statement by ‖ι(λ)Xi∪Yi − ι(λ′)Xi∪Yi‖ = ‖λixXi/ai −
λ′ixXi/ai‖ = |λi − λ′i| (if λi, λ′i ≥ 0).
For each i ∈ [m], consider the orthogonal projections ϕi from RXi to RxXi and
ϕ′i from R
Yi to RyYi . This gives rise to a retraction ϕ : K(A) → K(A) defined by
ϕ(z)Xi := ϕi(zXi) and ϕ(z)Yi := ϕ
′
i(zYi) for i ∈ [m]. Then ϕ is strictly-nonexpansive,
and its image is viewed as Km. Hence P belongs to K
−b,a (by Lemma A.1).
Hence the geodesic problem on K(A) reduces to that on K−b,a for positive vectors
a, b ∈ Rn. Let I = (I1, I2, . . . , Ik) be an ordered partition of [m], i.e., for some 0 = i0 <
i1 < i2 < · · · < ik = m, it holds I` = [i`] \ [i`−1] for ` ∈ [k]. Let K−b,aI be the subspace
of K−b,a consisting of points x satisfying
• for each j, there is λ ∈ [0, 1] such that xIj = λaIj or xIj = −λbIj .
Lemma A.3. For an ordered partition I = (I1, I2, . . . , Ik) of [m], the subspace K
−b,a
I is
isometric to K−bI ,aI ⊆ Kk for aI , bI ∈ Rk defined by
(aI)j := ‖aIj‖, (bI)j := ‖bIj‖ (j ∈ [k]),
where the isometry φ : K−bI ,aI → K−b,aI is given by
φ(λ)Ij :=
{
λjaIj/‖aIj‖ if λj ≥ 0,
λjbIj/‖bIj‖ if λj ≤ 0,
(λ ∈ K−bI ,aI , j ∈ [k]).
Proof. A straightforward verification similar to the proof of Lemma A.2.
Next consider a geodesic P : [0, 1]→ K connecting P (0) = a and P (1) = −b, which
belongs to K−b,a (Lemma A.1). For i = 1, 2, . . . ,m, let ti ∈ [0, 1] denote the first time
for which the i-th coordinate of P is zero (nonpositive), and let pi := P (ti).
Lemma A.4. (1) 0 < t1 ≤ t2 ≤ · · · ≤ tm < 1.
(2) P (t)i > 0 if t < ti and P (t)i < 0 if t > ti.
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Proof. By Lemma A.1, the subpath P ′ from t = 0 to ti belongs to the strictly-convex
subspace Kp
i,a of K−b,a. Since pij ≥ 0 must hold for j ≥ i, it holds Kp
i,a = K
pi
[i−1],a[i−1]×
[pii, ai]× [pii+1, ai+1]×· · ·× [pim, am]. Therefore (after re-parametrization) the path P ′ can
be written as the product of geodesics in K
pi
[i−1],a[i−1] and in the box [pii, ai]×· · ·×[pim, am]
(Lemma 2.2). The latter path is the segment between a[m]\[i−1] and pi[m]\[i−1]. This
means that for i′ ≥ i the i′-th coordinate cannot become zero before the i-th coordinate
becomes zero. Also the i-th coordinate is positive before ti.
By a similar way (or reversing time), the i-th coordinate is negative after ti.
Define the ordered partition I = (I1, I2, . . . , Ik) of [m] such that i and i
′ belong to
the same part if and only if pi = pi
′
.
Lemma A.5 ([25, Corollary 4.7]). The geodesic P belongs to subspace K−b,aI , and hence
is also a geodesic in K−b,aI .
Proof. For j = 1, 2, . . . , k, consider the time t := ti for i ∈ Ij . As in the above proof,
the subpath of P from 0 to t is the product of a path and the segment between aJ and
piJ for J := Ii ∪ Ii+1 ∪ · · · ∪ Ik. In particular, P (t)Ii is written as λ(t)aIi for t ≤ ti.
Consequently, P belongs to K−b,aI .
Lemma A.6. Suppose that p1, p2, . . . , pm (or t1, t2, . . . , tm) are all different. Then P is
the straight line between a and −b, i.e.,
P (t) = a− t(a+ b) (t ∈ [0, 1]).
Proof. By Lemma A.4, the image of P is [p0, p1] ∪ [p1, p2] ∪ · · · ∪ [pm, pm+1] for p0 := a
and pm+1 := −b. For i ∈ [m], choose q ∈ [pi−1, pi] \ {pi} and q′ ∈ [pi, pi+1] \ {pi} that
are sufficiently close to pi. The sign patterns of q and q′ are (− · · · i−1− i+i+1+ · · ·+) and
(− · · · i−1− i−i+1+ · · ·+), respectively. Hence [q, q′] belongs to K. Necessarily [q, q′] is a part
of P , and P does not bend at ti. Thus P is a straight line.
We are ready to prove Theorem 2.4 (2). Now suppose that P , a, and b comes from
K(A). By Lemma A.5, P is a geodesic in K−b,aI . Via K−b,aI ' K−b
I ,aI (Lemma A.3),
we can regard P as a geodesic in K−bI ,aI . Now points p1, p2, . . . , pk (or t1, t2, . . . , tk)
are different in K−bI ,aI . Thus P is a straight line in K−bI ,aI . In particular, ti =
‖aIi‖/(‖aIi‖ + ‖bIi‖) for i ∈ [k]. By t1 < t2 < · · · < tk, we obtain the concavity
condition:
‖aI1‖/‖bI1‖ < ‖aI2‖/‖bI2‖ < · · · < ‖aIk‖/‖bIk‖.
Returning the path space K(A), this means that the geodesic P in K(A) is equal
to the path-space geodesic (2.11) in K(A′) for an (x, y)-concave subarch A′ = (B =
U ′0, U ′1, . . . , U ′k = C), where U
′
j = Ui for the last index i in Ij−1. This proves The-
orem 2.4 (2). Moreover one can see from Lemma 3.13 that this arch A′ consists of
members of A that corresponds to extreme points of the convex hull of (0, 0) and ξk
(k = 0, 1, 2, . . . ,m).
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